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IDEALS OF HOLOMORPHIC FUNCTIONS WITH C*
BOUNDARY VALUES ON A PSEUDOCONVEX DOMAIN

EDWARD BIERSTONE AND PIERRE D. MILMAN

ABSTRACT. We give natural sufficient conditions for the solution of several problems
concerning division in the space &/*(Q) of holomorphic functions with #>
boundary values on a pseudoconvex domain £ with smooth boundary. The suffi-
cient conditions come from upper semicontinuity with respect to the analytic Zariski
topology of a local invariant of coherent analytic sheaves (the “invariant diagram of
initial exponents™), and apply to division in the space of #* Whitney functions on
an arbitrary closed set. Our theorem on division in &/*(£) follows using Kohn’s
theorem on global regularity in the 3-Neumann problem.

1. Introduction. Let © be a pseudoconvex domain with € boundary in C”, and
let /() denote the space of holomorphic functions on € with ¥ boundary
values. In this article, we give natural sufficient conditions for the solution of several
problems concerning division in &/ ®(£2). Our sufficient conditions come from upper
semicontinuity with respect to the analytic Zariski topology of a local invariant &,
of coherent analytic sheaves (the “invariant diagram of initial exponents’). Semicon-
tinuity of a coordinate-based diagram R, was first studied in [3], and used together
with Hironaka’s formal division algorithm [5] to give explicit solutions for problems
concerning composition and division of €* functions; Malgrange’s division theo-
rem [17, Chapter VI] is a classical special case. Semicontinuity of &, provides
invariant sufficient conditions for division in the space of ¥ Whitney functions on
an arbitrary closed set. Our main theorem on division in & *() follows using
Kohn’s theorem on global regularity in the 3-Neumann problem [14].

We are indebted to Eric Amar for first bringing to our attention the questions
considered here.

Let €*(Q) denote the Fréchet algebra of complex-valued ¥* functions on Q.
Then &/ *(Q) is a closed subalgebra of #°(Q). Let 0(2) denote the ring of (germs
at  of) holomorphic functions defined in neighborhoods of Q. Let 4 be a p X ¢
matrix with entries in O(). Then multiplication by A defines a continuous
& *(2)-homomorphism 4: & *(2)9 - L 2(Q)?.

Under what conditions is 4 - &7 ()7 a closed submodule of &7 *(Q2)7?
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Let f' ..., f¢ denote the columns of A; there is an open neighborhood U of Q
such that each f' is holomorphic in U. Let @ = 0, denote the sheaf of germs of
holomorphic functions on U, and let % denote the sheaf of submodules of @7
generated by f',..., f¢ The invariant diagram of initial exponents &, = G(.%,) is
defined in §5 below. There is a natural total ordering on the set of all possible
diagrams (see §2), so that semicontinuity as a function of ¢ € U makes sense. §§4
and 5 establish a general theorem on the variation of the invariant diagram for
certain parametrized families of modules of formal power series. The following is a
special case (cf. Proposition 5.2):

THEOREM 1.1. The invariant diagram § , is Zariski semicontinuous on U; i.e., there
is a locally finite filtration of U by closed analytic subsets, U = Z,(F) D Z(%) D
-+, such that, foreachk =0,1,...,

(1) &, is constant, say & , = &, (F),on Z,(F) -2, ,(F);

Q) B, (F) <G, (F).

For example, let X be a closed analytic subset of U and let £, C @ denote the
sheaf of germs of holomorphic functions which vanish on X. Then 2,(#,) = X and
Z,(Fy) is the complement in X of the smooth points of the highest dimension.

Let a € U. Let @, denote the completion of ¢, in the Krull topology. Then 0,
(respectively, @,) identifies with the ring of convergent (respectively, formal) power
series C{z} (respectively, C[[z]]), where z = (z,,...,z,). If a € Q, then there is a
Taylor series homomorphism [+~ f, from «#*(Q)” to 0F. Let (A - Z>(Q)%)"
denote the elements of &/ *(Q)? which formally belong to A - o/ *(R2)7; i.e.,

(4-27(Q)")" = {fex=(Q)": f,€ A, 0s forallac Q).
Clearly, (A - />=(R)9)" is a closed submodule of &*(Q)” which contains A4 -
& =(2)4.

THEOREM 1.2. Suppose that 2,(%) and Q are regularly situated, for all k =
0,1,.... Then

A-=(Q)" = (4-77(2)")":
in particular, A - Z*(Q)4 is a closed submodule of o/ *(2)?.

We recall that two closed subsets X and Y of U are regularly situated if every
point of U admits a neighborhood V' and constants ¢, r > 0 such that d(x, X) +
d(x,Y)> cd(x, XN Y)', for all x € V (Lojasiewicz; cf. [22, IV .4]). Any two closed
real analytic (or even subanalytic) sets are regularly situated [16]. In particular, the
conclusion of Theorem 1.2 always holds when 0{ is real analytic.

Previous articles, of De Bartolomeis-Tomassini [7], Amar [1] and Gay-Sebbar [10]
have established Theorem 1.2 in the special case that p = 1 and the gradients of
o f4 are linearly independent in a neighborhood of 9{ (so that, in particular,
E(F)NoQ = 2).!

"In a recent preprint, Division, avec singularités. dans /7 () (Universit¢ de Bordcaux I. 1986), Amar
gives a different version of our theorem in the case p = 1. For p = ¢ = 1, he gives a filtration which is
simpler than that of his general method. but coincides with that provided by semicontinuity of the
diagram 2, relative to certain weighted coordinates.
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It can be important to find a continuous linear operator which solves the division
problem of Theorem 1.2. Consider 4 - /()7 with the topology induced from
S/ *(Q)?. Under what conditions does the surjection &Z*(Q2)? —» 4 - &Z*(2)9 admit
a continuous linear splitting; i.e., a continuous linear operator A: A - Z*(R)? —
& *(Q)¥such that f=A4 - A(f), forall fe 4 - /()47

An obvious necessary condition is that A4 - 2/*(2)? be a closed subspace of
& *(Q2)?. We consider either of the following two conditions on §2:

(a) 09 is “weakly regular” in the sense of Catlin [6];

(b) 99 is connected and € satisfies the conditions Z(1), Z(n — 2) and Z(n — 1)
of Folland and Kohn (8, p. 57].

Every bounded strictly pseudoconvex domain with €= boundary is weakly
regular.

COROLLARY 1.3. Suppose that ) is bounded and satisfies either condition (a) or (b)
above. If each =,(F) is regularly situated with respect to Q, then A - /*(Q)9 is a
closed subspace of /*(Q)?, and the canonical surjection ()9 — A - *(Q)?
admits a continuous linear splitting.

Corollary 1.3 will be deduced from Theorem 1.2 in §9, using the theorem of Vogt
and Wagner [24, 25] on the splitting of exact sequences of Fréchet spaces. The
division theorem 1.2 also provides a characterization of /> functions which vanish
on a closed analytic set:

Let X be a closed analytic subset of some neighborhood of Q. Set &*(Q; X) =
{(feL>(Q): f=0o0n XN Q}. Suppose that £, is generated by finitely many
holomorphic functions f!,..., f¢ in some neighborhood U of . (This is always true
if Q is bounded.) Clearly, &/<(2; X) D ((f) - L *=(R))", where (f) = (fL...,f9)
denotes the ideal in O(U) generated by the f', and ((f) - &/*(2))" is the ideal in
& () of elements which formally belong to (f) - &/ (), as before. Theorem 1.2
gives natural sufficient conditions under which &/ *(Q; X) = (f) - & (), provided
that o/*(Q; X) = ((f) - LZ=(Q) "

THEOREM 1.4. Assume that, for each k =0,1,..., the closure of (2,(Fy)—
2, 01(F) N Q contains (E,(Fy) — 2,4 1(Fy) N Q. Then

A2(QX) = ((f1 . 1) - 2=(2))".

Theorem 1.4, proved in §10, is another application of semicontinuity of the
invariant diagram & , and the formal division algorithm, which is recalled in §3.

Our ¥* division theorem is proved in §6. Let K = R or C. Let U be an open
subset of K” and let X be a closed subset of U. Let &( X) denote the Fréchet space
of K-valued € Whitney functions on X (cf. §6). If Q is a domain with smooth
boundary, then &(Q) identifies with the space of K-valued > functions on .

Let @ denote the sheaf of germs of analytic functions on U. Let a € U and let @u
denote the completion of @, in the Krull topology. Put OR = @u if K= R, and
OR = ([[z,..... Zyy Zpaene, z,]1 if K= C. If a € X, there is a Taylor series homo-

n*
A

morphism F — F, of &(X)” onto (@‘,R)” (onto by E. Borel’s lemma [22, IV.3.5)). If
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M is a submodule of &(X)?, put M = {Fe€ &(X)": £, € M,, for all a € X);
clearly, M is a closed submodule of &( X)” containing M.

THEOREM 1.5. Let A be a p X q matrix with entries in O(U), and let FC 0P
denote the sheaf of O-modules generated by the columns of A. Let U= 2 (F)D
2(F)D --- denote the filtration of U by closed analytic subsets determined by the
invariant diagram &(%,). If each 2, (F ) is regularly situated with respect to X, then

4-8(X) = (4-6(X))";
in particular, A - &(X)9 is a closed submodule of £( X)?.

The regular situation hypotheses are always satisfied if X is subanalytic (cf. [4,
Theorem 0.1.1]). The conclusion of Theorem 1.5 in the case that X is analytic is
Malgrange’s division theorem [17, Chapter VI]. The techniques we use to deduce
Theorem 1.5 (cf. Theorem 6.4) from Malgrange’s theorem can be used to prove the
latter with little extra effort, so we include it for completeness (Lemma 6.7; cf. [3,
§10]). The /> division theorem 1.2 is deduced from Theorem 1.5 in §8 (cf. [20]).
The regular situation hypotheses of Theorem 1.5 are about as good as can be
expected for arbitrary closed sets X; however, the examples of §7 suggest that
weaker hypotheses might suffice for domains with smooth boundary.?

2. The diagram of initial exponents. Let K be a ring and let K[ y]] denote the ring
of formal power seriesin y = (y,, ..., y,) with coefficients in K. Following Hironaka
[5] (cf. [3, §1.4]), we associate to every submodule R of K[[y]]” a subset 3t(R) of
N*x {1,....p}:

If a =(a,...,a,)€ N" put |a| = a; + --- +a,. The lexicographic ordering of
(n + 2)-tuples (|a}, j, a,,...,a,), where (a, j) € N" X {1,..., p}, induces a total
ordering of N” X {1,..., p}. Let f € K[[y]]”. Write f = Ea'jfa‘jy“'f, where f, ; € K
and y*’/ denotes the p-tuple (0,..., y% ...,0) with y® in the jth place. Let
suppf = {(a, j)) €EN"X{1,...,p}: f,;# 0} and let »(f) denote the smallest
element of supp f. Let in f denote f,,(f)y”(f).

Let R be a submodule of K|[[y]]?. We define the diagram of initial exponents
JE(R) as {v(f): f€ R}. Clearly, N(R) + N" = RN(R), where addition is defined
by(e, j)+y=(a+7v;j)(e,j))EN"X(L,...,p},y EN"

Put 9(n,p)={NCN"X{1,...,p}: R+ N"=0N}. Let N € D(n, p). Then
there is a smallest finite subset 8 of N such that N = L + N”. We call L the
vertices of It.

The set 2(n, p) is totally ordered as follows: To each i € Z(n, p), associate the
sequence v(Jt) obtained by listing the vertices of M in ascending order and
completing this list to an infinite sequence by using oo for all the remaining terms. If
N, N2 e D(n, p), we say that N' < N? provided that v(N') < v(N?) with
respect to the lexicographic ordering on the set of such sequences.

Clearly. if 9! D N2 then N < N2

2 Further cvidence is provided by the dissertation of M. Hickel, Quelques résultats de division dans
["ulgébre /() (Université de Bordeaux 1, 1986): In the case that p =1 and X is a domain with
smooth boundarv., Hickel gives a sufficient condition which covers the examples of §7.
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3. The formal division algorithm. We use the notation of §2. Suppose K is a field
K. Let f1,....f* € K[[y]]” and let (a,, j,)=v(f'), i =1,...,s. We associate to
fY.... f° the following decomposition of N” X {1,..., p}: Set A; = & and define
A =(a,j)+ N —UNALi=1,...,s. PutA=N"x {1,...,p} —Ui_JA,.

THEOREM 3.1 (HIRONAKA [5]; CF. [3, §6]). Let f1,.... f* € K[[y]]” and let (a;, j,)
=w(f'), i=1,...,s. Then, for every f € K[[y]]?, there exist unique q, € K[[y]),
i=1,...,s, andr € K[[ y]]? such that (a;, j;) + suppq, C A, i=1,...,5, suppr C
A, and

f=X - f+r
i=1

REMARK 3.2. Let B be an integral domain. Suppose that K is the field of fractions
of B. Then B[[y]] is a subring of K[[ y]]. Suppose that f!,... f*€ B[[y]]?. Let S
denote the multiplicative subset of B generated by the f, > andlet S ~1B denote the
subring of K comprising quotients with denominators in S. Then S~'B[[y]] C K[[ y]].
In Theorem 3.1, if f € B[[y]]?, thengq, € S7'B[[y]l,i=1,...,s,and r € S7'B[[y]]”
(cf. [3, Remark 6.5)]). In fact, if B is any ring and each fa"“ ;, = 1, the formal division
algorithm applies to give quotients and remainder with coefficients in B.

REMARK 3.3. Suppose that K = R or C, and that f and f!,..., f* all converge.
Then the ¢; and r all converge [5].

COROLLARY 3.4 (CF. [3, COROLLARY 6.8]). Let R be a submodule of K|[y]]?. Let
N = N(R) be the diagram of initial exponents of R, and let (a;, j;), i=1,...,s,
denote the vertices of N (without repetitions). Choose f* € R such that v(f') = (a;, j;),
i=1,...,s. Then:

() R =Us_ A, andf',..., f* generate R.

(2) There is a unique set of generators g',...,g° of R such that, for each i,
ing' = y*’/ and supp(g' — y*/ )N N = &. If K =R or C, and R is generated by
convergent elements, then each g' converges.

Wecall gl, ..., g* in (2) the standard basis of R.

4. Power series with meromorphic coefficients. Let K = R or C. Let U be an open
subset of K” and let X be a closed analytic subset of U. Let Z be a proper closed
analytic subset of X.

Let A (X; Z) denote the ring of meromorphic functions on X whose poles lie in Z:
If K= C, then h € #(X; Z) if h is holomorphic on X — Z and, for every a € X,
there exist f, g € 0y such that g is not a zero divisor and # - g = f on (the germ at
a of) X — Z (cf. [21, Chapter IV, §5]). (X, denotes the germ of X at a, and 0 the
local ring of X,.) If K = R, a function on X — Z belongs to #( X; Z) if its germ at
each a € X is induced by a complex meromorphic function on a complexification
XE of X, whose poles do not intersect X — Z.

If Z= &, then #(X; Z)is the ring O( X) of analytic functions on X.

LEMMA 4.1. Let h be a function on X — Z. Then h € M (X; Z) if and only if each
point of X admits a neighborhood in which there are finitely many pairs of analytic
functions f,, g, such that X " N,g7'(0) C Zandh - g, = f, on X — Z, for each i.
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LEMMA 4.2. Assume that K = C. Suppose that X U 1 X;, where each X is a
closed analytic subset of U. Put Z;=Z N X,, j= k Let h be an analyttc
function on X — Z. Then h E///(X; Z) if and only zf h|(Xj Z)eM(X;Z),
j=1,.... k.

Proofs of the lemmas above are standard. Lemma 4.2 is false in the real case. For
example, define X € R* by X = X; U X,, where X, and X, are the zero sets of
z¥ — x%y* and z° + x?%y?, respectively. Let h = z + x*/3y. Then h is analytic on
X — Z, where Zis {x =z=0}.Clearly, h=2zon X, —Zand h=0o0n X, — Z;
in particular, h|(X, — Z)e M (X,;Z) and h|(X, — Z)E M (X,;Z). But h &
M(X, Z).

Let ¢« € X — Z. There is an evaluation mapping h — h(a) of #(X; Z) onto K.
Let y=(y...., v I f=Xf vy e (X, Z)[yl)?, we write f(x;y)=
Lfo (x)y*) and f(a; y)=Lf, (a)y*’ when the coefficients are evaluated at
X = d.

If fl.....f79€#(X; Z)[y]]*. we can consider the parametrized family of sub-
modules 2, of K[[y]]”, a € X — Z, where each %, is generated by f'(a; y),
i=1,....,4.

ExaMpLES 4.3. (1) Let V' be an open subset of K” and let ¢ = @,, denote the sheaf
of germs of analytic functions on V. Let #C @” be a coherent sheaf of ¢-modules.
Suppose that f,,..., f, € O(V)? generate %, forall a € V. Foreach i =1,...,¢,
f(x +y)=X, D% (x) y*/a!, where D* = 8""'/8))"" <o+ 0y and a! = a,!-
a,). Then fi(x:y)=f(x+y)e€ OWV)[y]]” and the fi(a; y) generate %, for all
ae V. (.9’2; C K][ y]]” denotes the completion of %#,.)

(2) Let M(n,K) denote the space of n X n matrices with entries in K. Then
M(n,K) operates on K[[ y]}” by transformation of the coordinates: If A € M(n,K)
and f € K[[y])”., write f*(y) = f(X - y). Let R be a submodule of K[| y]]?. For each
A. let R* denote the submodule of K[[y]]” generated by {f* fe R}. If A €
GL(n.K), then R* = { f» fe R}. Suppose that f,. .-+ f, generate R. Then each
fiA:y)=fMy) is a p-tuple of formal power series in y whose coefficients are
homogeneous polynomials in A € M(n,K) = K", and the f(); y) generate R*, for
all A € M(n, K).

THEOREM 4.4. Let f',....f9€ M (X;Z)[[y]]’. For each a€ X — Z, let A,
denote the submodule of K[[y]|” generated by the f'(a; y), i=1,...,q, and put
N, = N(R,). Then:

(1) For any compact subset K of X, there are only finitely many distinct %,
ac KnN(X—-2).

(2) For each ay€ X —Z, ZU{a€ X —Z: N,>N, } is a closed analytic
subset of X.

If Z= @ and the conditions (1), (2) of Theorem 4.4 hold, then 9, is upper
semicontinuous in the analytic Zariski topology of X (Zariski semicontinuous on X,
for short).
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PROOF OF THEOREM 4.4. Let # denote the submodule of #(X; Z)[[y]]¥ gen-
erated over Z(X; Z)[[y]lIby fL...., f7% Put ! = N(R) (cf. §2). It suffices to prove
the following two lemmas:

LEMMA 4.5 [3, LEMMA 7.1]. Forallae X — Z, ‘! < N .

LEMMA 4.6 [3, LEMMA 7.2]. Assume that 0 € X, that the germ of X at 0 is
irreducible, and that every connected component of the smooth points of X is adherent
to 0. Then there is a proper analytic subset Y of X containing Z such that X , = R, for
all a € X — Y. In fact, for every vertex (a, j) of N, there exists g € R such that
v(g)=(a, j) =v(gla;")), forallae X - Y.

PROOF OF LEMMA 4.5. Let a € X — Z. Let (a,, j;), i =1,...,s (respectively,
(B, k,), i =1,...,1) denote the vertices of It , (respectively, ) indexed in ascend-
ing order.

Consider h € &, such that v(h) = (ay, j;)- Say h(y) = Z/_1¢,(»)f(a; y), ¢;(y)
€ K[[ y]]. Define g € Z by g(x; y) = Lc,(y)f'(x; y). Then »(g) < (ay, jy) since,
in any case, the coefficient of y*/t is nonzero. Thus (8,, k;) < »(g) < (ay, j;). If
(By. ky) = (ay, jy), then »(g) = (ay, j:l) = v(g(a; ).

Now suppose that, for each i = 1,...,r, we have: (i) (B, k;) = («;, j;), and (ii)
there exists g'(x; y) € # such that v(g') = (a,, j;) = v(g'(a; -)). If s =r, we are
done. Otherwise, consider h(y) = Xc/(y)f'(a; y) € #, such that »(h) =
(& 10 Jyr): 83y inh = yo1en Put g(x; y) = Te(»)f (x5 y) € 2. Then »(g) <
(o, s Jp) I v(8) = (a,py, joiy), then (B, k, 1) < (a,,y, o) I #(g) <
(&, 1. Jy+1). then either »(g) & U7 (e, j) + N") and (B, 1. Kk, 1) < (@41, Jys)s
or v(g)€U/_i((a,, j)+ N"). In the latter case, »(g)= (a; + v, j;) for some
i=1,...,r and some y € N". Thening = g, ., (x) -y "/, where g, ,, ;(a) =
0 since »(g) < (@, j,+1) = »(g(a; -)). On the other hand, ing' = g,  (x)-y*/,
where g, (a) # 0. Let

g (x5 p) =80 (X)) 8(x;9) = 8oy (X) 7 8'(x5 ).
Then »(g'(a; ) = (,,1. j,.,) and »(g) < »(8) < (&,4 1, j,41). The result follows
by induction. O

PROOF OF LEMMA 4.6. Let (B, k). i = 1,...,t, denote the vertices of N. For each

i, choose g' € # such that »(g') = (B, k,); write g'(x; y) = Lgj ;(x) - y*/. Put

4

Yy=zuU{xeX:gj(x)=0}.
i=1

Let a € X — Y. Then g'(a; y) € #, and v(g'(a; -)) = (B;, k,;). Thus N C N,.
By Lemma 4.5, 9t ,=N. O

COROLLARY 4.7. Let U be an open subset of K" and let #C OF be a coherent sheaf
of O-modules, where O = O,. Then:

(1) The diagram of initial exponents N , = 92(3%‘,) is Zariski semicontinuous on U.
Thus, there is a locally finite filtration of U by closed analytic subsets, U = Z,(% ) D
Z(F)D -, such that, foreachk = 0,1,...,

(1) N, is constant, say N, = N, (F ), on 2, (F) -2, (F);

(1) M (F) < N, (F).



330 EDWARD BIERSTONE AND P. D. MILMAN

(2) Let k € N and let (a;, j,), i=1,...,s, denote the vertices of N, (F). Let f,,
i=1.....s, denote the standard basis of %,C K[[y]]?, where a € Z,(F) -
S (F) and in f) = y) Write fi(y) = L f; (a)y*’. Then:

(i) There exist p-tuples of analytic functions ' defined in a neighborhood of
Z(F) = 2, (F), whose power series expansions at each a € Z,(F) — Z,, ((F)
are the f,.

(i1) EaChfai._, EMPEN(F) 2 (F)).

PROOF. (1) is a special case of Theorem 4.4 (cf. Example 4.3(1)). For (2)(i): Each
' converges, by Corollary 3.4(2). For b in a sufficiently small neighborhood of @ in
S(F)=2, (F), fi(b—a+y)eF, Now,

supp(f,(b —a +y) = y*') NN, = 2,

since N, = N, and supp(f/(y) —y*/)NN,= &.Henceinf/(b —a + y) = y*/
and, by the uniqueness of formal division (Theorem 3.1), f/(b — a + y) = fi(y).
Finally, since Corollary 4.7 in the real case follows from the complex case, (2)(ii)
follows from Remark 3.2 and Lemma 4.2. O

5. The invariant diagram of initial exponents. Let K=R or C. Let R be a
submodule of K[[y]]”, y = y(y,,..., y,).- The diagram of initial exponents 9 (R)
depends on the affine coordinate system (y,,..., y,). However, there is an invariant
diagram & (R) (cf. [9,11]):

Suppose A = A(y) is a formal coordinate transformation. If f € K[[y]]”, write
fNy)=f(A(y)). Put R*= {f* fe R}. Then R* is a submodule of K[[y]]”.
Clearly, 9t(R*) depends only on the linear part of A, so to study the effect of
coordinate changes on 9 (R), we can assume that A € GL(n,K).

We view GL(n,K) as a subset of the space M(n,K) = K" of n X n matrices with
entries in K. Of course, K" — GL(n,K) is a closed algebraic subset of K" For any
A € M(n,K), let R* denote the submodule of K[[ y]]” generated by { f*: f € R} (cf.
Example 4.3(2)). The following is a special case of Theorem 4.4:

PROPOSITION 5.1. Let R be a submodule of K[[y]]”. Then N(R™) is Zariski
semicontinuous on M(n,K).

The proof of Theorem 4.4 shows, in fact, that ¢ (R") is upper semicontinuous in
the (algebraic) Zariski topology of M(n,K). In particular, there are only finitely
many distinct X (R*), for A € M(n,K).

We define the invariant diagram of initial exponents $(R) as min,, N(RM). Then
(A € M(n,K): N(RY) = ®(R)} is a Zariski open subset. Obviously, G(R) =
Miny ¢ 7ok Y (RY).

PROPOSITION 5.2. Let U be an open subset of K" and let #C OF be a coherent
sheaf of O-modules, where 0 = 0,,. Then &, = &(H,) is Zariski semicontinuous on
U.

We can prove this in the more general context of Theorem 4.4:

THEOREM 5.3. Let X, Z, f', R, elc. be as in Theorem 4.4. For each a € X — Z,
put &, = &(R,). Then

(1) For any compact subset K of X, there are only finitely many distinct & ,,
acs KN(X - 2Z).
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(2) For each aye X —Z, ZVU{a€ X—-Z: 8,> 8, } is a closed analytic
subset of X.

PROOF. If a € X — Z and A € M(n,K), then %} is generated by the fi(a; X - y),
i=1,...,q. Clearly, each f'(x;A-y) e (X X K", Z x K" )[[y]]" Let K be a
compact subset of X and let L be a compact neighborhood of 0 in K". By Theorem
4.4(1), there are only finitely many distinct R(2}), for (a,A\) € (K X L) N (X —
Z) %< K"). But, for each a, &, = min, . , R(Z#)). Therefore, there are only finitely
many distinct & ,, fora € KN (X — Z).

Suppose a, € X Z. By Theorem 44(2), Y = (Z X K" )U {(a, M) e (X — Z)
X K” N(R}) > G, } is a closed analytic subset of X X K”. For each A € K",

={a € X: (a,A\)€ Y} is a closed analytic subset of X. Clearly, ZU {a €
X Z: &,>206,}=NcxY,. O

REMARK 5.4. The invariant diagram is interesting in a much broader context than
that of Theorem 5.3. In [3], we consider the diagram of initial exponents in the
following general setting: Let X and Y be analytic spaces over K, and let ¢: X —» Y
be a morphism. Let ¢*: 0, —» O, denote the induced homomorphism of the
structure sheaves. Suppose that % and ¢ are coherent 0,- and O ,-modules,
respectively, and that ¥: ¢ — % is a module homomorphism over the ring homo-
morphism ¢*. Let a € X. Then ¢* determines a homomorphism of local rings ¢}:
Oyo = Ox., and V¥ determines a module homomorphism ¥,: 4, ,, = %, over ¢*.
Let ¥ : ﬁw , > %, denote the induced homomorphism of the completlons

Let %, denote the “module of formal relations” %, = Ker ¥,. To study the
variation of %, with respect to a, we reduce to the case that Y is smooth and
¢ = 0. Then we can consider the diagram 9,6 = N(A,) relative to a local
coordinate system ( y,,..., y,) for Y, or the diagram &, = &(£,) invariantly.

Suppose that 3¢, (relative to local coordinates for Y') is Zariski semicontinuous as
a function of a € X. Then there is a locally finite filtration of X by closed analytic
subsets, X = 2, D X, D ---,such that, forall Xk =0,1,..., (1) N, is constant, say
g, =M, on 2, — 2k+1» and (2) N, <N, ;. Let ke Nandlet g/, i=1,...,1,
denote the standard basis of #, C K[[y]]%, where a € =, — =, |. Write g/(y) =
Ls.,8.,(a)y?/. Then each gy € #(Z,;2,,,) [3, Theorem B]. It follows from
Theorem 5.3 that &, is Zariski semicontinuous on X.

In [3], we prove that 9, is Zariski semicontinuous in many cases; for example, in
the algebraic category. Therefore, & , is also Zariski semicontinuous. The standard
bases arising, as above, from 9, in the algebraic category need not be algebraic.
Nevertheless, the standard bases arising from the invariant diagram &, always are,
by a Henselian version of the formal division theorem [13, §4]. As a consequence, for
example, we recover in a very explicit way the stratification of semialgebraic sets by
Nash functions [18, 23].

6. ¥= division on a closed set. Let K = R or C. Let U be an open subset of K",
and let €>(U) denote the Fréchet algebra of K-valued > functions on U, with the
%> topology. Let (y,,...,»,) denote the affine coordinates of K". If K = R, set
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m=nand (x,....,x,)=(y.....»,). If K=C, put m =2n and (x,...,x,,) =
(Yis---s Vs Vis---, 7,). Then, for each a € U, there is a Taylor series homomor-
phism f— f, of €=(U)? onto (OR)”, where O = K[[x,, ..., x,,]]. Of course, 0, is
a subring of OR.

Let Y be a locally closed subset of K" and let Z be a closed subset of Y (where Y
has the induced topology). Let V' be any open subset of K” such that Y is closed in
V. Then Zisclosedin V. Put &(V; Z)= {g€ €*(V): §,=0, forall a € Z}. Let
&(Y; Z) denote the Fréchet algebra &(V; Z)/&(V; Y). (The definition is indepen-
dent of V.) By Whitney’s extension theorem [17, 1.4.1], &(Y; Z) identifies with the
Fréchet algebra of K-valued € Whitney “functions” on Y which are flat on Z. If
Y’ is a closed subset of Y, there is a restriction mapping F — F|Y’ from &(Y; Z)?
onto §(Y; ZNY')P. Put &(Y)=86(Y;, D). If a€ Y, then §({a}) = @ak, and we
write F— 1:"“ for the restriction &(Y)? — (@aR)" (Taylor series homomorphism).
Put J(Y)=1I1I,. Y@ak. There is a canonical inclusion &(Y) < J(Y) given by
G- ((A;a)aE y- Of course, &(V') = €<(V)if V is an open subset of K".

We will use the following three lemmas in the proof of Theorem 1.5. Let U be an
open subset of K”.

LEMMA 6.1 (“HESTENES’S LEMMA FOR ANALYTIC SETS”). Let Z C Y be closed
subsets of U, where Y is analytic. Let F € J(Y), say F = (F,), where F/(x)=
Yoeneful@a)x® € OR, a € Y. Suppose that F|(Y — Z) € (Y — Z) and that each
f.. is continuous on Y and zero on Z. Then F € &(Y).

This can be proved (in fact, for Y merely subanalytic) as in [2, Corollary 8.2] or by
a direct estimate using the following regularity condition of Whitney: Let K be a
compact subset of Y. Then there exist ¢, r > 0 such that any 2 points a, b of K can
be joined by a rectifiable arc y inY of length < ¢ - |a — b|".

LEMMA 6.2. Let Z,, ..., Z, be closed subsets of U such that, foreachj=1,...,r — 1,
Z, N --NZ and Z,,, are regularly situated. Put Z =0}_\Z; If F € &U; Z),
then there exist F} € &(U; Zj) j=1,...,r, suchthat F = ZF/».

PRrROOF. By Lojasiewicz’s gluing theorem [17, 1.5.5], there exists F, € &(U; Z,) such
that F,=F on Z N---NZ Then F=(F-F)+F, where F— F €

r—1-

EW;Z, N ---NZ, _ ). Proceed inductively. O

LEMMA 6.3. Let Z C Y be closed analytic subsets of U. Let ¢ € M(Y;Z) and let f
be the restriction to Y of a €* function which is flat on Z. Then ¢ - f extends in a
unique way to a function on Y (also denoted ¢ - f) which is the restriction of a €~
function flat on Z.

ProOF. By Lemma 4.1, we can assume there are analytic functions §;, 7,
i=1,..., r. on U such that Y N N/_, n7(0) C Z and, for each i, ¢ -, = £, on
Y~ Z Put ,=ZUn;'0), i=1,...,r, and P=NP, so that PN Y = Z We
can extend f to F € &(U; P). By Lemma 6.2, F = ¥, F,, where each F, € §(U; P,).
Set ¢, = ¢,/m,, i = 1,...,r; then each ¢, € A (U; P,). It follows from Lojasiewicz’s
inequality [22, IV.4.1] that each ¢, - F, extends in a unique way to an element of
S(U: P). Clearly, X ¢, - F, restrictsto ¢ - f. O
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Let U be an open subset of K" and let @ = 0,,. Let 4 denote a p X g matrix with
entries in @(U), and let % denote the sheaf of submodules of @7 generated by the
columns ¢', ..., ¢7 of A. By Proposition 5.2, there is a locally finite filtration of U
by closed analytic subsets, U= Z,(%)D Z,(%)D ---, such that, for each k =
0,1,...,

1n6G&,= ®(%,) is constant, say &, = &,(F),on Z(F) — =, (F);

(i) B (F) <G, (F).

THEOREM 6.4. Let X be a closed subset of U. If Z,(%) and X are regularly
situated, for all k € N, then

A-8(X)'=(4-6(x)")".
PROOF. It is enough to prove that, for each &k = 0,1,...,
A8 NX; 2, NnX)=(4-6,nX; 2, nX))",

where 2, = Z,(#). Fix k. Let FE(A4-&(Z, N X; 2, N X)) " Since 2,
and X are regularly situated, there exists F’ € £(2,; 2, ,;)” such that F'|Z, N X
= F.

Since 9?(3%“") is Zariski semicontinuous on U X GL(n,K) (by Theorem 4.4), we
can assume (working locally in U) that there exist A, € GL(n,K) and closed
analytic sets ¥,, =,,, C ¥, C2,, i=1,...,r, such that NY,= =, ,, and N(E)
= ®(%) forallae 3, — Y, i=1,..,r

There exists p € §(2,;Z,,,) such that p>0on 3, — =, , and F' =p- F”,
where F”" € 8(2,;2,,,)7 [22,V.24]. Clearly, F" |2, N X € (A4 - EZ, N X)) ",
By Lemma 6.2, there exist p; € £(2,;Y;), i =1,...,r,such that p = X p,.

Suppose that, for each i = 1,..., r, there exists G, € &(Z,; Y;)? such that p,- F”
=A-Gon2, NX.ThenG=XG, €EZ,;2,,,)7and F=A4 - G|Z, N X. Hence
it is enough to prove the following proposition.

PROPOSITION 6.5. Let Y C X be closed analytic subsets of U such that N , = %(.9‘3;)
is constant on £ — Y. Let FEE(Z;Y)P. If FIEN X € (A4 -2 N X)), then
there exists G € 8(Z;Y) suchthat F|IENX=A4-G|ZN X

Let #: N” X {1,...,p} > N" X {1,..., p} denote the projection w(a, j)=
(ay,...,a,, j), where (a, j)EN" X {1,...,p}, a = (ay,...,a,). If N € D(n,p),
put NR = 771(N); clearly, R® € D(m, p). If a € U, then the &,-homomorphism
A, 03 > 07 induces an OR-homomorphism AR: (OR)4 — (OR)?; clearly,
N(Im AR) = NK,

PROOF OF PROPOSITION 6.5. Write # = N, a € Z — Y. By Theorem 3.1, for all
a € 3 — Y, there exists a unique R, € (OR)” such that suppR, N NR = & and
E,— R, € Im AR In particular, R, = 0ifa € (S - Y)Nn X.Ifa € Y, put R, = 0.
We will prove the following two lemmas:

LEMMA 6.6. R = (R,),.s €ES(Z;Y)".
LEMMA 6.7. 4 - 8(Z;Y) = (A -EZ; YY)D
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Once we have Lemma 6.6, it follows from Lemma 6.7 that there exists G €
&(Z;Y)¥such that F=A4 - G+ R.Since R|Z N X = 0, this completes the proof of
Proposition 6.5. O

Lemma 6.7 is, of course, a special case of Malgrange’s division theorem [17,
Chapter VI}: in fact, it is equivalent to Malgrange’s theorem, by Corollary 4.7. But
we will give a simple explicit proof using the same techniques we use to prove
Lemma 6.6 (cf. [3, §10]).

PROOF OF LEMMA 6.6. Let («a,, j;), i =1,...,s, denote the vertices of N. If
a€ S — Y. let 6/(y), i=1,...,s, denote the standard basis of .%,. Write 8/(y) =
X, 0. (a)y*’. By Corollary 4.7:

(1) Each , , € #(Z;Y).

(2) There are analytic functions ' defined in a neighborhood of £ — Y whose
power series expansions at each a € = — Y are the 6"

We identify N" with N” X {0} € N”. Then N® =N + N” and (a,, j,), i =
1,...,s, are also the vertices of NR®. Let {A, A} denote the decomposition of
N" x {1,..., p} determined by the («,, j;), as in §3.

Let « € 2 — Y. By Theorem 3.1, there exist unique G, , € (@a“, i=1,...,s, such
that (e,. j;) + suppG, , C A, and
(6.8) £,=Y G, 8+R,.

i=1
If a€Y, put G, ,=0, i=1,...,5. For each a € 2, write G, (x)=
Tpent&ala@)x®i=1,...s,and R, =L, r, (a)x*/.

By Lemma 6.3, Remark 3.2 and (1) above, each g, , and r, ; is the restriction to 2
of a € function which is flat on Y. From Lemma 6.1, we can conclude that each
G,€6(2;Y) and Re€E(Z;Y)?, provided we show that each G,|(2 - Y) €
E(E - Y)and RI(Z - Y)EEE — Y)P.

These assertions are local in Z. Therefore, after perhaps shrinking U, we can
assume there is a finite filtration of ¥ by closed analytic subsets, 2 = 2,2 X, D

- DZ2,,, = Y, such that, forall p=0,...,», 2# — Z‘LH is smooth. By Lemma
6.1, it is enough to show that, for all p =0,...,»,each G,|(2, - 2,,)) € E(Z, —
S.0and R|(ZE, -2, ,) €&, -2, )" _

Extend F to f € &(U; Y)?. Since f is €= and the 8' are analytic, then, regarding
both ¢ and x as variables, we have

of(x) _3f(x) 86i(x) _ 36,(x)

6.9 - 5 - 0
(6.9) aa/. Bx/ da, axj

j=1.....m (“Taylor expansion commutes with formal differentiation”). If A =
(Ai.....A,) € R" = K", write D, , = ¥Ad/0da,; D, , is the directional derivative

m

with respect to the a variables in the direction A. Let a € £, — 2, and suppose
that D, , is tangent to £, — £, at a. Then the D, G, ,(x) and D, R, (x) are
well defined. By (6.8) and (6.9),

s

> (D, G, ,~D\G,,) 0,+ Dy ,R,—Dy R, =0.

aia x"ta
=1
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For each i» (ai’ j:) + Supp(D)\.uGi.u - D)\.,\'Gi.a) c Ai’ and Supp(D)\,aRa - D)\,xRa)
C A (where supp is with respect to x). Therefore, by the uniqueness in Theorem 3.1,

(610) D)\.uRu = D)\.xRa
and, forall i =1,...,s, D, G, ,= D, G, ,. These equations imply that R|(Z, —

2,)EEE, -2, and each GlI(Z,—2,,1) €6, —2,,) Here is the
argument for R: Choose local coordinates (u,v) = (uy,...,uy, Uy,...,0,_;) near

a€X, — 2 . suchthat 2 — 2 . isgivenbyv = 0. Write R, as

a B.j
R = T T a0t 5
BeN""* \ qeN* ’
j=1l.....p
Then (6.10) implies that X,r, 5 (a)u®/a! is the formal Taylor series at a of ry 5 ;. It
follows from E. Borel’s lemma [22, IV.3.5] that R|(Z, - 2,,)) € &(2, — 2,,1)*.
O

PROOF OF LEMMA 6.7. We continue to use the notation in the proofs of Proposi-
tion 6.5 and Lemma 6.6. The assertion is local in 2. Therefore, after perhaps
shrinking U, we can assume there is a finite filtration of £ by closed analytic
subsets, £ =2, D2, D --- DX ., = Y, suchthat, forall p=0,...,»:

(1) For each i =1,....s, there exists Y’ € O(Z))[[y]]” such that ¥’ is a linear
combination with coefficients in ¢(2,)[ y] of (the elements induced by) the columns
¢/ of 4 and v(Y'(a;-)) = («,;, j), forall ae 2, — 2 ., (cf. Example 4.3(1) and
Lemma 4.6).

Let # denote the subsheaf of @¢ of (germs of) relations among the ¢/; ie.,
g-tuples of germs of analytic functions (p,... ,qu) at points of U such that
Y9 _yp;- ¢/ = 0. Then Z is coherent, so that N(Z,) is Zariski semicontinuous on
U. Therefore, we can also assume:

) *J?(Q?u) 1s constant, say ‘J%(Q?a) =N (XA),onZ, -2 .,

(3) Let (B, k;), i=1,...,t, denote the vertices of N, (Z). Then, for each
i=1,...,¢ there exists ¢' in the submodule of &(Z,)[[»]]? induced by Z(U) such
that »(a'(a; -)) = (B, k,), forallae X, - 2 .

By induction, it suffices to show that, for each p =0,...,», 4 - (5’(2#; E#H)" =
(A 822,00

Suppose F € (A4 -8(2,;2,,))9)". As Ain the prczof of‘Lemma 6.6, there exist
G, eESZ; 2, i=1,...,s,suchthat F, =%} _,G, -0, forallae X, - % .

We will show that, foreachi=1,...,sand all a € 2, -2
q
(6.11) 0:=2 M- ¢k
k=1

where, for each i and k:
(i) There is an analytic function 7} defined in a neighborhood of 2, -2
whose power series expansion at each ¢ € 2, — 2, is 1} .
(i1) The coefficients 7, ,(a) of ny ,(y) = L, m,«(a)y* extend to £, as quotients
of analytic functions whose denominators vanish nowhere in £, — =

prl

p+1
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Then, for each k =1,....q. we put H, , =%, ,-G,,ifa€=, -5, and
H, ,=01if ae X ,,. By Lemma 6.3 (or directly from Lojasiewiczs’s inequality),
each H = (H,  ),es, €6(Z,;2,.)). and we have F=4A-H where H=
(H,...., H ), as required.

To obtain (6.11): Foreach i = 1,...,s, put ¢,(y) = ¢(a; y) and write ¢/ (y) =
L, ¥, (a)y*/. We first express each 6,( y) in terms of the y/,(y). using Theorem
3.1. then ¢/,(y) in terms of the ¢}(y) = ¢*(a + y), by (1) above, to get /(y) =
Y4 _ & () $5(y), where each ¢, , € 0, and the coefficients & ,(a) of & ,(y) =
Y. & (a)y® are quotients of analytic functions by products of powers of the

@)

Plut &, = (& ,---- €, i=1,...,5 By Theorem 3.1 and Remark 3.3, there exist
unique 7}, € 04, i = 1,...,s, such that each £, — 4, € Z, and suppn), N N (X) =
@. Write 0, = (1} ..., M,,) and 0y (y) = Z,n% (@) y* k =1,...,q. It follows
from (3) above that each coefficient 7, ,(a) extends to 2, as a quotient of an
analytic function by a product of powers of the 11/21‘ ;(a) and the “é,.k,(a) (where
o'(ai y) = L;,04 (a)y?*). This gives (6.11), where the ), satisfy (ii).

To get (i): For b in some neighborhood of a in 2, — 2,1, 0;(y) = 0,(b — a + y)
and ¢4(y) = ¢'(b — a + y). From (6.11) it follows that

X (men(y) = mi(b—a+y))-eh(y) =0,

k
i=1,..., s. Since supp(n},(y) — n\(b — a + y)) N N (#) = F, then each 7} ,(y)
= 1% .(b — a + y), by the uniqueness in Theorem 3.1, as required. O

7. Examples. The regular situation hypotheses of Theorem 6.4 seem about as good
as can be expected for arbitrary closed sets X. But one might ask whether weaker
hypotheses suffice when X is the closure of a domain with € boundary.

In each of the following examples, ¢ is an analytic function which generates the
sheaf &= #< of germs of analytic functions vanishing of the zero set 2 of ¢, and
we consider the ideal in &( X) generated by ¢. In the first five examples,

X = {(t,x,y) ER:x> e’l/’z},

and it is easy to check that 2,(#) = 2, 2,(#) = Sing 2 (the singular set of £) and
S(F)= 2.

(1) Let ¢(t. x, y) = x> + y* Then T is not regularly situated with respect to X.
The function e™'/" belongs to (¢ - &(X))”, but not to ¢ - &(X) because, on the
curve {y = 0, x = e 1/}, e"/* /(x> + y?) = x/x* is not even continuous.

(2) Let ¢(t, x, y)= x> — y% Then T is regularly situated with respect to X, but
Sing = is not. Nevertheless, ¢ - &(X) = (¢ - &(X))": Let f(¢,x,y) € (¢ - E(X) "
Consider the “second divided difference” v 2f(¢, x, y; y,, y,) € (X X R?) defined
by the identity,

f(.x.y,) = f(t.x, y) .
* Y2 =N O

+ 3 (tx vy ) (y =)y = n).

flroxy)=f(t,x, ) =)
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Substitute y, = x3? and y, = —x*/? in this identity to get f(¢, x, y) = (y* — x*) -
v (1, x, y; x*/%, —x3/?). Since v ?f is symmetric with respect to (y,, y,), Vf =
g(t.x, y: y, + 2. y15), Where g € &(X X R?). Therefore, f(t,x,y) = (y*— x?)-
g(t.x, y: 0, -x%).

(3) Let ¢(t, x, y)=y> — x* Then 2 is regularly situated with respect to X, but
SingZ is not. Again, ¢ - &(X) = (¢ E(X))": Let 7(t,x,v) = (t,x,0%). Then
dpom = (v —x)*+x)and 77 (X)) = (x> e VLI f(1,x, y) € (- E(X))",
then f(1, x,v%) = (v° — x)(v*® + x) - h(t, x,v), where h € &(7 (X)), since each of
v® — x and v® + x has gradient nowhere zero and zero set regularly situated with
respect to 77 !(X). But h is even in v, so that h(t,x,v) = g(t, x, v?), where
g E€SE(X); clearly,f=¢ - g.

(4) Let ¢(t,x, y)=y> — x* Then 2 is regularly situated with respect to X, but
SingZ is not. Again, ¢ - &(X) = (¢ - &E(X))" since, after substituting y = v?,
y? — x* factors as v® — x* = (v* — x?)(v*® + x?) and the argument of (3) applies to
each factor.

(5) Let ¢(t, x, y) = y*> — x> Then = is regularly situated with respect to X, but
Sing = is not. We do not know whether ¢ - &(X) = (¢ - (X)) ! (See footnote 2.)

(6) Define X C R* by X = {(s.1,x,y):1> e /). Let ¢(s,1,x, y) = y* — 1x2.
Then Z2(#£)=2,2,(F)=SingZ ={x=y=0}and Zy(F)= {t=x=y=0};
2,(F) and Z,(F) are regularly situated with respect to X, but Z;(#) is not.
Nevertheless, ¢ - &(X) = (¢ - £(X))": the argument is similar to (3), taking = to
be the blowing up of R* with center {x = y = 0}.

8. Division in /(). We use the notation of the introduction. Let £ be a
domain with €* boundary in C”, and let 4 be a p X ¢ matrix with entries in
0(Q).

LEMMA 8.1. (A - Z=()9) "= L =(R)? N (A - €2(Q)9)".

PROOF. This is clear from the definitions in the introduction, since if Bisa p X ¢
matrix with entries in C([[z]] = C[[z,,...,z,]], then B - (C[[z]}? = C[[z]]Y N
B-(C[[zz]]Y. O

Since (A4 - €°(2)9)" is a closed subspace of ¥*(Q)” containing 4 - €*(Q)7,
(A -/*(2)9) " is a closed subspace of &/ *(2)? which contains 4 - &/ *(Q).

Let U be an open neighborhood of € in which the entries of 4 are holomorphic.
Let O= 0, and let #C 07 denote the sheaf of (-modules generated by the
columns of A4. By Proposition 5.2, the invariant diagram &, = ®(.%,) is Zariski
semicontinuous on Uj i.e., there is a locally finite filtration of U by closed analytic
subsets, U = 2 (%) D Z(%)D ---,suchthat, foreach k = 0,1,...,

(1) &, isconstant,say &, = & (F),on 2, (F) - Z,, (F);

(i) $,(F) < G, (F).

THEOREM 8.2. Suppose that § is a pseudoconvex domain with €* boundary. If
S, (F) and & are regularly situated, for all k € N, then
A MOO(Q)‘I — (A .MOO(Q)II)A;
in particular, A - o/ ()¢ is a closed subspace of &/ *(Q)7.
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COROLLARY 8.3. If Q is a pseudoconvex domain with real analytic boundary, then
A (L) = (A - L))",

In the case that € is bounded, Theorem 8.2 is an immediate consequence of
Theorem 6.4 and the following proposition.

PrOPOSITION 8.4. If Q is a bounded pseudoconvex domain with € boundary in
C", then

A- A =4=(Q) N4 €=(Q)".

We give a short (standard) proof of this below, using Kohn’s theorem on global
regularity in the 3-Neumann problem [14; 15, §IV] (cf. [20]). Theorem 8.2, in
general. is a consequence of Theorem 6.4 and the following proposition of Gay-
Sebbar {10, Proposition 5.14].

PROPOEITION 8.5. If Q is a pseudoconvex domain with €= boundary in C", and
A-E*5(Q) = (A €)D", then A - L=(Q)! = ()’ N A - €=(Q)4.

To prove Proposition 8.4, we use two well-known lemmas:

LEMMA 8.6. Let U and V be open subsets of C" such that V is relatively compact and
Vcu. Let f'...., f1€ OU)P. Then the subsheaf of Of, of relations among the
f7 |V is generated by finitely many global sections g' € O(U )“.

PROOF. Let U * denote the envelope of holomorphy of U [12, 1.G]. Then each f/
extends to f/ € O(U*)?. Let ZC 0f. denote the sheaf of relations among the f/;
 is coherent, by Oka’s theorem [12, IV.C.1]. Since ¥ is compact, it follows from
Cartan’s Theorem A [12, VIII.A.13] that there exist finitely many global sections g‘
of # which generate #,, foralla € V. O

LEMMA 8.7 (CF. [19, LEMMA 5.7]). Let K = R or C. Let U be an open subset of K"
and let . ..., f9€ O )P. Suppose that the sheaf of relations among f',..., f9 is
generated by finitely many global sections g' € O(U)?. Let X be a closed subset of U,
and let p: E(X)? — &(X)? denote the homomorphism p(H)=1Y4_ H, - f/, where
H=(H,..... H,) € &(X)9. Then Keru is generated by the g'.

ProoF. Let H = (H,,....,H,) € Kerp. Choose h = (hy.....h,) &€ &(U)? such
that h| X = H. Then ® =X h, - f/ € &(U; X)P. By [22, V.2.4], we can factor  as
® =y - ®’, where &' € &(U; X)?, y € §(U; X) and ¢ > 0 on U — X. Clearly, ¢’
formally belongs to the submodule of &(U)” generated by f',..., ¢ Therefore, by
Malgrange’s theorem, ®" = ¥ h’ - f/, where each h} € &(U). Now, 0 = ® — o - @’
=X (h,—y-h))-f/. Again by Malgrange’s theorem, h — - h’, where h’ =
(hi,.... k7). isin the submodule of &(U )¢ generated by the g'. Since ¥ € &(U; X),
then H = h| X is in the submodule of &( X)¢ generated by the g'. O

PROOF OF PROPOSITION 8.4. Let f! ..., f¢ denote the columns of A; the f' are
holomorphic in some neighborhood of Q. By Lemma 8.6, there is an open neighbor-
hood U of € in C”, and an exact sequence of sheaves,

MKy 23] *
O - 09 > ... > 09> 0N > (91”
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where 0= 0,, g, =4, p, is induced by the homomorphism p(g,...,8,) =
¥, g - f' on global sections, and, for each j = 1,2,..., Kerp, is generated by global
sections f/, i=1,..., g;+1» and p ., is induced by the homomorphism
pii1(81s--- 8,.,) = L; 8 [ on global sections.

For each k = 0,..., n, let £%%(2) denote the Fréchet space of € (0, k)-forms
on . Then &°°(Q) = &(Q) = €*(2). The exact sequence above induces a com-
mutative diagram:

0 0 0 0
L L ! !
a= @ B gm@e S s wr@e 5 2@
! L L L
O@O,O(Q)q,..l #i;l 600.0(9)% ﬂ; e o gO'O(S_Z)‘“ il’ éa0,0(S_l)p
13 13 . 19 19
EN@ > EM@E o o @ - M@
13 13 d 13
Va I I 13
50"'(9)‘/'”1 N @mo,n(ﬁ)q,, 5 .. (g)O.n(Q)qn N (g’Q"(Q)P
l ! ! !
0 0 0 0

All rows except the first are exact, by Lemma 8.7. Each column is a direct sum of
finitely many copies of the 9-sequence,

0 > @Z2(Q) - £2Q) > O R) > -+ > E(R) > 0,

where 9 is determined by the formula

3(g(z,2)dz, A - AdZ )= X (gfé) SdZ N dZ A e ANdE
1=1 !
The E_)-sequence, and hence each column, is exact by the theorem of Kohn [14; 15,
§IV]. A long diagram chase then shows that /*(2)” N p (£°°(Q)") =
p (L *(R)M), as required. O

i

9. Continuous linear division operators. Let  be a domain with ¥ boundary in
C” and let 4 be a p X g matrix with entries in @(Q). Suppose that 4 - . *(Q)7 is
a closed subspace of &/ *(2)”. Consider the exact sequence of Fréchet spaces,

0- Kerd > Z°(Q)" > 4-4%(Q)7 > 0.
Let s denote the space of rapidly decreasing sequences of real or complex numbers;
Le., sequences x = (X;);cz such that, for every k € N, ||x||, = supj|j|"|xj| < 00.
With the seminorms || - ||,, s has the structure of a nuclear Fréchet space. The
Fourier transform induces an isomorphism €*(S') = 5. By a theorem of Vogt and
Wagner [24, 25], the sequence above admits a continuous linear splitting provided
that 4 - &7 *()7 is a closed subspace of s and Ker 4 is a quotient space of s.
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Let M be a € manifold (with or without boundary). Then €*( M) is a quotient
of 5. If M 1s compact, then €*(M) = s [4, Proposition 6.3].

Assume that € is a bounded pseudoconvex domain with € boundary. There is
an open neighborhood U of € such that:

(1) The columns f1,..., f of A extend to elements of O(U)”.
(2) (By Lemma 8.6.) Let 0 = @, and let # C 09 be the sheaf of relations among
fho. /9 Then thereexist g',..., g" € #(U) which generate #,, for all a € U.

Theorem 8.2 provides natural sufficient conditions under which 4 - &Z>(Q)? is a
closed subspace of 7 *(£)”, hence a closed subspace of €*(Q2)” = s.

It follows from (2) above that Ker 4 = ((g',....g") - >=(Q)) ", where (g'.....g")
denotes the submodule of O(U)” generated by the g'. By Proposition 8.4 and
Lemma 8.7,

hence Ker 4 is a quotient space of &/ > ({2)".

On the other hand, &/><(2) (and therefore &/ *(2)") is a quotient space of s
under either of the following two conditions on Q:

(a) 99 is “weakly regular” in the sense of Catlin [6]. Then the L>(Q)-orthogonal
projection of € *(8) onto &/ *(R) is continuous [6], so that &7 ><() is a quotient of
E*(Q) = s.

(b) 0L is connected and Q satisfies the conditions Z(1), Z(n — 2) and Z(n — 1)
of Folland and Kohn [8, p. 57]. Then, by [8, Theorem 5.3.2 and Corollary 5.4.13], the
restriction to 9f2 embeds & *() as a closed subspace of #>*(9), and the
L*(39)-orthogonal projection of ¥><(3d2) onto &/ *() is continuous. Therefore,
& *(82) is a quotient of €*(3Q) = .

Every bounded strictly pseudoconvex domain € with € boundary is weakly
regular.

Let U be an open neighborhood of € in which the columns f',..., f¢ of A are
holomorphic, and let 0 = 0. Let % C 07 denote the sheaf of ¢-modules generated
by [l f4. We have proved:

COROLLARY 9.1. Let Q be a bounded pseudoconvex domain with €> boundary,
satisfving either condition (a) or (b) above. If each =, (%) is regularly situated with
respect to Q, then A - /()¢ is a closed subspace of >(Q)”, and the canonical
surjection Z>(Q)1 = A - o >*(Q)? admits a continuous linear splitting.

10. o> functions vanishing on an analytic set. Let { be a domain with €~
boundary in C”, and let X be a closed analytic subset of an open neighborhood of
Q. Set

(2 X)={geFd™(Q):g=00n XN Q}.

Let £, denote the sheaf of germs of holomorphic functions which vanish on X.
Suppose that £, is generated by finitely many holomorphic functions f*, ..., f?in
a neighborhood U of Q. Clearly, «/>(Q; X)2 ((f'.... £ - Z*(Q))". Theorem
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8.2 gives natural sufficient conditions under which
2L X) = (f1... 1) -L=(Q),

provided that &Z*(Q; X) = ((f' ..., f9) - LZ=(Q)".

ReMARKs 10.1. (1) If g € #*(Q; X), then, forall a € Q, §, € (fL,....f9) -0,
only for a € 9§2 may this condition fail.

(2) Let €°(Q; XN Q)= {ge ¢<(Q): g=0on XN Q). Suppose XN Q =
XN Q Then &% X)=HL(Q)NE(QXNQ). If 2 X)=(f)-
Z2(Q), where (f) = (f,..., f9), then it is easy to see that (f) - Z*(Q) = L *(Q)
N (f.f)- €=(Q), where f' denotes the conjugate of f. On the other hand,
€2 XN Q)= (f.f) =(Q)only if X N Q, with its underlying real structure, is
coherent [22, V1.4.2]; compare this with (1) above and the following theorem.

THEOREM 10.2. Assume that, for each k = O,l,_..., the closure of (Z,(Fy) —
2 1) N Q contains (2,(Fy) — 24, (Fx)) N Q. Then

A= X) = (1. 1) -2=(2))".

PROOF. Suppose g € /*(Q; X). Then, forall a € Q, g, € (f1,...,f9)-0,. We
have to show that, if « € 39, then g, € (fL,..., fay-0,.

If a € U, put N, =N(Fy,) and 8, = G(Fy,). Let a, € 9Q. Let k € N such
that 2,(Fy)=({ac U &, 6> ©, }. After a linear coordinate change, we can
assume that N, =@© . Clearly, {a € 2, (Fy): N,=N,} is a Zariski open
neighborhood of a, in ,(#y). Since a, € (Z,(Fy) — =, ,(Fy)) U Q, it follows
from the hypothesis that a,, belongs to the closure of {a € Q: 9, = %, }.

Let a;, i =1,...,¢, denote the vertices of N, . Let S = {a € U N,=N,}
and, for each ae S let gi(z) € (0 =([[z]}, i = 1 , ¢, denote the standard basis
of JX‘U. Write g/(z) = L, e n- 8h(a)z* Then, by Corollary 3.4, each g/ € 0, and
the functions g’(a) are analytic on S.

Suppose a € S N Q. By Theorem 3.1, there exist unique ¢, ,(z) € O,i=1,...1
and r,(z) € @, such that «, + suppg, ,C A, i=1,..., t, and suppr, C A (where
the A,, A are as in §3), and

1

(10.3) Z .a(2)8u(2) +r,(2).

Write r,(z) = X,r,(a)z® Then each r,(a) is continuous on S (cf. Remark 3.2). By
(10.3), g, € Fy = (fL,...,f9) - &, if and only if each r,(a) = 0. Therefore, each
r (a) =0 for a e SN Q. Since ay€ SN Q and a, € S, it follows that g, €

T fu‘f’) é, ,» asrequired. O

REMARK 10.4. The &/ > extension problem. Let &*(X N Q) denote the holomor-
phic functions on X N @ which are restrictions of €% functions on . It is
interesting to find natural sufficient conditions under which:

(1) the restriction homomorphism &/ *() = (X N Q) is surjective, so there is
an exact sequence

0 &2 X) > H*(Q) >Z*(XN Q) - 0
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(2) Z>=(X N Q) is a closed subspace of s.

For example, (1) and (2) hold if X is smooth and transverse to 9§ (cf. [1]).
Suppose that Q satisfies either condition (a) or (b), and that & *(Q; X) =
(fl.... f9) -Z*(Q), as above. Then &Z>(2; X) is a quotient of s. If (1) and (2)
hold, then the exact sequence in (1) splits, by the theorem of Vogt and Wagner.
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