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IDEALS OF HOLOMORPHIC FUNCTIONS WITH C00

BOUNDARY VALUES ON A PSEUDOCONVEX DOMAIN

EDWARD BIERSTONE AND PIERRE D. MILMAN

Abstract. We give natural sufficient conditions for the solution of several problems

concerning division in the space jrfx(Q) of holomorphic functions with W*

boundary values on a pseudoconvex domain Ù with smooth boundary. The suffi-

cient conditions come from upper semicontinuity with respect to the analytic Zariski

topology of a local invariant of coherent analytic sheaves (the "invariant diagram of

initial exponents"), and apply to division in the space of <gx Whitney functions on

an arbitrary closed set. Our theorem on division in ^°°(ß) follows using Kohn's

theorem on global regularity in the 3-Neumann problem.

1. Introduction. Let ß be a pseudoconvex domain with <^'00 boundary in C", and

let s/x(Q) denote the space of holomorphic functions on ß with fé"30 boundary

values. In this article, we give natural sufficient conditions for the solution of several

problems concerning division in s/x(&). Our sufficient conditions come from upper

semicontinuity with respect to the analytic Zariski topology of a local invariant &a

of coherent analytic sheaves (the "invariant diagram of initial exponents"). Semicon-

tinuity of a coordinate-based diagram 9Î a was first studied in [3], and used together

with Hironaka's formal division algorithm [5] to give explicit solutions for problems

concerning composition and division of tf™ functions; Malgrange's division theo-

rem [17, Chapter VI] is a classical special case. Semicontinuity of @a provides

invariant sufficient conditions for division in the space of tf00 Whitney functions on

an arbitrary closed set. Our main theorem on division in jr/°°(ß) follows using

Kohn's theorem on global regularity in the 9-Neumann problem [14].

We are indebted to Eric Amar for first bringing to our attention the questions

considered here.

Let #°°(ß) denote the Fréchet algebra of complex-valued W0 functions on ß.

Then j^°°(ß) is a closed subalgebra of #°°(ß). Let 0(0) denote the ring of (germs

at ß of) holomorphic functions defined in neighborhoods of ß. Let A be a p X q

matrix with entries in 0(ß). Then multiplication by A defines a continuous

j^°°(ß)-homomorphism A: ^"(ß)« -» j/°°(ßK.

Under what conditions is A ■ ̂"(ß)« a closed submodule of Jä7x(Q)p1
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Let f\...,f denote the columns of A; there is an open neighborhood U of ß

such that each /' is holomorphic in U. Let 0 = 0U denote the sheaf of germs of

holomorphic functions on U, and let J^ denote the sheaf of submodules of (9P

generated by /',..., f. The invariant diagram of initial exponents ©a = ©(^,) is

defined in §5 below. There is a natural total ordering on the set of all possible

diagrams (see §2), so that semicontinuity as a function of a g U makes sense. §§4

and 5 establish a general theorem on the variation of the invariant diagram for

certain parametrized families of modules of formal power series. The following is a

special case (cf. Proposition 5.2):

Theorem 1.1. The invariant diagram ©u is Zariski semicontinuous on U; i.e., there

is a locally finite filtration of U by closed analytic subsets, U = 20(7F) z> 2,( J5") z>

• • • , such that, for each k = 0,1,...,

(1) ®a is constant, say ©a = %k(&), on 2k(&) - Lk + X(^);

(2) ®ki&) < ®k+1i&).

For example, let X be a closed analytic subset of U and let Jx c 0 denote the

sheaf of germs of holomorphic functions which vanish on X. Then 2X( Jx) = X and

22( Jx) is the complement in X of the smooth points of the highest dimension.

Let a g U. Yet Ôa denote the completion of Oa in the Krull topology. Then Oa

(respectively, 0a) identifies with the ring of convergent (respectively, formal) power

series C{z} (respectively, C[[z]]), where z = (zx,...,zn). If a g ß, then there is a

Taylor series homomorphism /-»/„ from jz7°°(Q)p to &p. Let (A •j/00(ß)'')A

denote the elements of j^x(Q)p which formally belong to A ■ s/ca(ü)q; i.e.,

(A •j/0O(ß)")A= {/ej*°°(0)': /„ei„- 0«, for all a g ß}.

Clearly, (A ■ s#x(Yl)q) A is a closed submodule of ss7'x(ü)p which contains A ■

szx(ttyi.

Theorem 1.2. Suppose that *Lk(3;) and ß are regularly situated, for all k =

0,1.Then

A ■j/"(Q)'- (A ■s^x(Ü)'l)A;

in particular, A ■ stfx(Q)q is a closed submodule of s#cc(Çï)p.

We recall that two closed subsets X and Y of U are regularly situated if every

point of U admits a neighborhood V and constants c, r > 0 such that d(x, X) +

d(x,Y)> cd(x, Jin Y)r, for all x g V (Lojasiewicz; cf. [22, IV.4]). Any two closed

real analytic (or even subanalytic) sets are regularly situated [16]. In particular, the

conclusion of Theorem 1.2 always holds when 3ß is real analytic.

Previous articles, of De Bartolomeis-Tomassini [7], Amar [1] and Gay-Sebbar [10]

have established Theorem 1.2 in the special case that p = 1 and the gradients of

f\./'' are linearly independent in a neighborhood of 3ß (so that, in particular,

22(j^)n aß = 0).1

1 In a recent preprint. Division, avec singularités, dans sfx(Q) (Université de Bordeaux I, 1986), Amar

gives a different version of our theorem in the case p = 1. For p = q = 1, he gives a filtration which is

simpler than that of his general method, but coincides with that provided by semicontinuity of the

diagram ;U    relative to certain weighted coordinates.
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It can be important to find a continuous linear operator which solves the division

problem of Theorem 1.2. Consider A ■ s/°°(il)q with the topology induced from

jtfx(ti)p. Under what conditions does the surjection jt7x(Q)q -» A ■ jtfx(ü)q admit

a continuous linear splitting; i.e., a continuous linear operator À: A ■ j/oc(ß)<? ->

j*°°(0)«such that f= A ■ X(f), for all /e ^ -^"(B)«?

An obvious necessary condition is that A ■ séx(Yl)q be a closed subspace of

s/x(Yl)p. We consider either of the following two conditions on ß:

(a) 3ß is "weakly regular" in the sense of Catlin [6];

(b) 3ß is connected and ß satisfies the conditions Z(l), Z(n — 2) and Z(n — 1)

of Folland and Kohn [8, p. 57].

Every bounded strictly pseudoconvex domain with '¡êx boundary is weakly

regular.

Corollary 1.3. Suppose that ß is bounded and satisfies either condition (a) or (b)

above. If each '2,k(ßr) is regularly situated with respect to ß, then A •¿/""(ß)'' is a

closed subspace of s/x(Çl)p, and the canonical surjection ¿rfx(ü)q —> A ■ s^x(Yl)q

admits a continuous linear splitting.

Corollary 1.3 will be deduced from Theorem 1.2 in §9, using the theorem of Vogt

and Wagner [24, 25] on the splitting of exact sequences of Fréchet spaces. The

division theorem 1.2 also provides a characterization of s?x functions which vanish

on a closed analytic set:

Let A1 be a closed analytic subset of some neighborhood of ß. Set ss7x(ü; X) =

(/g j</°°(ß): /= 0 on X Ci ß}. Suppose that Jx is generated by finitely many

holomorphic functions fx,...,f in some neighborhood Uof ß. (This is always true

if ß is bounded.) Clearly, ^°°(ß; X) D ((/) ■ j/°°(ß))A, where (/) = (f\...,f)

denotes the ideal in &(U) generated by the /', and ((/) -j2/°°(ß))A is the ideal in

j/°°(ß) of elements which formally belong to (/) -^"(ß), as before. Theorem 1.2

gives natural sufficient conditions under which j/°°(ß; X) = (/) • s?°°(ü), provided

that j3/°°(ß; X) = ((f) ■ss?x(Q))A.

Theorem 1.4. Assume that, for each k = 0,1,..., the closure of Ç2.k(Jx) —

2A. + iW) n Q contains &k(Jx) - 2k+1(Sx)) n Ö. Then

^-(ß;A') = ((/1.fq)-^x(Yl))\

Theorem 1.4, proved in §10, is another application of semicontinuity of the

invariant diagram ®a and the formal division algorithm, which is recalled in §3.

Our <^°° division theorem is proved in §6. Let K = R or C. Let U be an open

subset of K" and let X be a closed subset of U. Let S(X) denote the Fréchet space

of K-valued 'tí00 Whitney functions on X (cf. §6). If ß is a domain with smooth

boundary, then S(ß) identifies with the space of K-valued <^,oc functions on ß.

Let 0 denote the sheaf of germs of analytic functions on U. Yet a g U and let &a

denote the completion of Ga in the Krull topology. Put 0UR = 0a if K = R, and

0„R = C[[z,,..., z„, zx,..., zn]] if K = C. If a e X, there is a Taylor series homo-

morphism F -> Fa of ê(X)p onto (6f)p (onto by E. Borel's lemma [22, IV.3.5]). If
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M is a submodule of S(X)p, put M = [F G S(X)P: Fa G Ma, for ail a g X);

clearly, M is a closed submodule of S(X)p containing M.

Theorem 1.5. Let A be a p X q matrix with entries in ®(U), and let J^c &p

denote the sheaf of (9-modules generated by the columns of A. Let U = 20(^")d

2j(i^) 3 ■ ■ ■ denote the filtration of U by closed analytic subsets determined by the

invariant diagram ®( J*,). If each 2¿( 3^) is regularly situated with respect to X, then

A ■SiX)q=(A-SiX)q)A;

in particular, A ■ 7>iX)q is a closed submodule of SiX)p.

The regular situation hypotheses are always satisfied if X is subanalytic (cf. [4,

Theorem 0.1.1]). The conclusion of Theorem 1.5 in the case that X is analytic is

Malgrange's division theorem [17, Chapter VI]. The techniques we use to deduce

Theorem 1.5 (cf. Theorem 6.4) from Malgrange's theorem can be used to prove the

latter with little extra effort, so we include it for completeness (Lemma 6.7; cf. [3,

§10]). The s/™ division theorem 1.2 is deduced from Theorem 1.5 in §8 (cf. [20]).

The regular situation hypotheses of Theorem 1.5 are about as good as can be

expected for arbitrary closed sets X; however, the examples of §7 suggest that

weaker hypotheses might suffice for domains with smooth boundary.2

2. The diagram of initial exponents. Let K be a ring and let # [[>>]] denote the ring

of formal power series in y = (yx,..., yn) with coefficients in K. Following Hironaka

[5] (cf. [3, §1.4]), we associate to every submodule R of K[[y]]p a subset 31 iR) of

N" X {1.p):

If a = (ax,..., an) g N", put \a\ = ax + ■ ■ ■ +an. The lexicographic ordering of

(n + 2)-tuples (|a|, j, ax,...,an), where (a, j) G N" X (1,..., p), induces a total

ordering of N" X {1, ...,/>}. Let / e K[[ y]]p. Write / = 2aJfaJyaJ, where faJ g K

and y"'J denotes the /Muple (0,..., ya,.. .,0) with ya in the jth place. Let

supp/= {(a,y')GN"x {l,...,p}: faj■ ¥= 0} and let vif) denote the smallest

element of supp/. Let in/ denote fv{j)yv{f).

Let R be a submodule of A^[[j]]p. We define the diagram of initial exponents

miR) as (vif): /g R}. Clearly, 3c(Ä) 4- N" = <!l(R), where addition is defined

by (a, j) + y = (a + y; j), (a, ))eN«X{l.;},ye N".

Put 3>(n,p)= (9JcN"X{l./»}: 31 + N" = 9c}. Let 9<c g 3>(n,p). Then

there is a smallest finite subset 38 of 31 such that 31 = 23 4- N". We call 23 the

vertices of 31.

The set 3)(n, p) is totally ordered as follows: To each 31 g S7>(n, p), associate the

sequence v(3\) obtained by listing the vertices of 31 in ascending order and

completing this list to an infinite sequence by using oo for all the remaining terms. If

5R\ 3l2^9(n,p), we say that 3ll < 3l2 provided that v(3lx) < v(3l2) with

respect to the lexicographic ordering on the set of such sequences.

Clearly, if 3ll D 3l2, then 311 < 3l2.

2 Further evidence is provided by the dissertation of M. Hickel, Quelques résultats de division dans

l'algèbre j^x(ü) (Université de Bordeaux I, 1986): In the case that p = 1 and A" is a domain with

smooth boundary. Hickel gives a sufficient condition which covers the examples of §7.
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3. The formal division algorithm. We use the notation of §2. Suppose K is a field

K. Let f\...,fs g K[[y]]p and let (a,,;,) = vif), i = l,...,s. We associate to

fx,...,fs the following decomposition ofN"X {1,..., p): Set A0= 0 and define

A, = ((a„j,) + N") -UUA, « = l,...,j.Put A = N" X {l,...,p} -GUA,

Theorem 3.1 (Hironaka [5]; CF. [3, §6]). Let f\ ..., fs g K[[y]]p and let (a„ j¡)

= v(f'), i = l,...,s. Then, for every /g K[[v>]]'\ there exist unique q¡ g KI^v1]],

i = 1.s, and r g K[[y]]p such that (a¡, j¡) + supp qi c A,, i = 1,..., s, snppr c

A, and

f= t qrf' + r-
/=i

Remark 3.2. Let B be an integral domain. Suppose that K is the field of fractions

of B. Then B[[y]] is a subring of K[[v]]. Suppose that fx,...,fs g B[[y]]p. Let S

denote the multiplicative subset of B generated by the /„',., and let S~XB denote the

subring of K comprising quotients with denominators in S. Then S~XB[[y]] c K[[y]].

In Theorem 3.1, if / g B[[y]]p, then q¡ g S~XB[[y]], i = 1,..., s, and r £ S~lB[[y]]p

(cf. [3, Remark 6.5]). In fact, if B is any ring and each f'a , = 1, the formal division

algorithm applies to give quotients and remainder with coefficients in B.

Remark 3.3. Suppose that K = R or C, and that / and fx,...,fs all converge.

Then the q¡ and r all converge [5].

Corollary 3.4 (cf. [3, Corollary 6.8]). Let R be a submodule of K[[y]]p. Let

31 = 3l(R) be the diagram of initial exponents of R, and let («,, Á), i = 1,...,s,

denote the vertices of 31 iwithout repetitions). Choose f g R such that vif) = (a¡, j¡),

i = l,...,s. Then:

(1) 31 = U;_,A,, and f,...,f generate R.
(2) There is a unique set of generators gl,..., gs of R such that, for each i,

in g' = y"'-J' and supp(g' — ya-J') n3l = 0. If K = R or C, and R is generated by

convergent elements, then each g' converges.

We call g\..., gs in (2) the standard basis of R.

4. Power series with meromorphic coefficients. Let K = R or C. Let U be an open

subset of Km and let X be a closed analytic subset of U. Yet Z be a proper closed

analytic subset of X.

Let J(i X; Z) denote the ring of meromorphic functions on X whose poles lie in Z:

If K = C, then h g J(i X; Z) if h is holomorphic on X - Z and, for every a G X,

there exist /, g g 0x such that g is not a zero divisor and h ■ g = / on (the germ at

a of) X - Z (cf. [21,°Chapter IV, §5]). iXa denotes the germ of X at a, and &K the

local ring of Xa.) If K = R, a function on X - Z belongs to J7( X; Z) if its germ at

each a G X is induced by a complex meromorphic function on a complexification

X„ of Xa whose poles do not intersect X — Z.

If Z = 0, then J7(X; Z) is the ring 0(X) of analytic functions on X.

Lemma 4.1. Let h be a function on X - Z. Then h G Jf( X; Z) if and only if each

point of X admits a neighborhood in which there are finitely many pairs of analytic

functions/,, g, such that X n D/g^iO) G Z and h ■ g, = f¡ on X — Z, for each i.
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Lemma 4.2. Assume that K = C. Suppose that X = Uk=x Xj, where each X- is a

closed analytic subset of U. Put Z- = Z D X¡, j = 1,..., k. Let h be an analytic

function on X - Z. Then h^J7(X; Z) if and only if h\(Xj- Zf) g J7(X-, Zf),
j = l,...,k.

Proofs of the lemmas above are standard. Lemma 4.2 is false in the real case. For

example, define acR! by X = Xx U X2, where Xx and X2 are the zero sets of

z3 - x2y3 and z3 4- x2y3, respectively. Let h = z + x2/3y. Then h is analytic on

X - Z, where Z is {x = z = 0). Clearly, h = 2z on Xx - Z and h = 0 on X2 - Z;

in particular, h\(Xx - Z) ^J7(XX;Z) and h\(X2 - Z) e^(Z2; Z). But /¡Í

J7iX;Z).

Let a G X - Z. There is an evaluation mapping h >-> /z(a) of JiiX; Z) onto K.

Let >• = (>>„..., >>„). If /=I/a,yrJe^(*;Z)u>r, we write /(*;>>) =
E/„ tix)ya-' and /(a; j) = Y.fa Jia)ya'i when the coefficients are evaluated at

x = a.

If /',...,/'' G Jt(X; Z)[[ v]]'', we can consider the parametrized family of sub-

modules !%a of K[[y/]]/\ a g X - Z, where each S7la is generated by f(a;y),

i=l,...,q.

Examples 4.3. (1) Let V be an open subset of K" and let 0 = 0K denote the sheaf

of germs of analytic functions on V. Let ¿Fez &p be a coherent sheaf of 0-modules.

Suppose that fx,...,fq^0iV)p generate J^, for all a g V. For each i = 1,..., q,

fix + y) = ¿ZaDaf(x)-ya/a\, where Da = d^/dyxa' ■ ■ ■ dyf» and a\ = ax\ ■ ■ ■

a„\. Then f'(x; y) = f(x + y) g 0(K)[[ .yF and the fia; y) generate J^, for all

a g V. (.:#, c K[[y]]p denotes the completion of J^.)

(2) Let M(n,K) denote the space of n X n matrices with entries in K. Then

M(n, K) operates on K[[y]]p by transformation of the coordinates: If À g M(n,K)

and / g K[[y]]p, write f(y) = f(X ■ y). Let R be a submodule of K[[y]]p. For each

A. let /?* denote the submodule of K[[y]]p generated by {/A: /g R}. If A g

GL(n,K), then 7?A = {/x: /g R}. Suppose that fx,...,fq generate R. Then each

/'(A; y) =/,A(>) is a p-tuple of formal power series in y whose coefficients are

homogeneous polynomials in A g M(n,K) = K" , and the f(X; y) generate Rx, for

all A G M(n,K).

Theorem 4.4. Let f,...,fq ^J7(X;Z)[[y]]p. For each a g X - Z, let 9ta

denote the submodule of K[[>]]/' generated by the f(a; y), i = l,...,q, and put

31 a = 3l(®a). Then:

(1) For any compact subset K of X, there are only finitely many distinct 31 a,

a G K n(X - Z).

(2) For each a0 G X - Z, Z U [a g X - Z: 3la^ 3laJ is a closed analytic

subset of X.

If Z = 0 and the conditions (1), (2) of Theorem 4.4 hold, then 31 a is upper

semicontinuous in the analytic Zariski topology of X (Zariski semicontinuous on X,

for short).
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Proof of Theorem 4.4. Let ^ denote the submodule of J7iX; Z)y\y\Y gen-

erated over J7( X; Z)[[y]] by/1,..., f. Put 31 = 31 (@) (cf. §2). It suffices to prove

the following two lemmas:

Lemma 4.5 [3, Lemma 7.1]. For all a G X - Z, 31 «: 31 a.

Lemma 4.6 [3, Lemma 7.2]. Assume that 0 g X, that the germ of X at 0 is

irreducible, and that every connected component of the smooth points of X is adherent

to 0. Then there is a proper analytic subset Y of X containing Z such that 31 a = 31, for

all a g X — Y. In fact, for every vertex (a, j) of 31, there exists g G St such that

v(g) = (a,j) = vigia; •)), for all a G X - Y.

Proof of Lemma 4.5. Let a g X - Z. Let (a„ _/,.), i = 1,...,s (respectively,

ißj,kj), i = 1,..., t) denote the vertices of 31 a (respectively, 31) indexed in ascend-

ing order.

Consider h g @u such that v(h) = (ax, jx). Say h(y) = T.UlC/(y)f'(a; y), c,(y)

g K[[y]]. Define g g J1 by g(x; y) = Y.c,(y)f'(x; y). Then v(g) < (ax, j\) since,

in any case, the coefficient of y"l'jl is nonzero. Thus (ßx, kx) < v(g) < (ax, jx). If

(ßx, kx) = (ax, j\), then v(g) = (ax, j}) = v(g(a; ■)).

Now suppose that, for each i = 1,..., r, we have: (i) (/},., kt) = (a¡, _/,), and (ii)

there exists g'(x; y) e 9$ such that v(g') = (a„ j¡) = v(g'(a; ■)). If s = r, we are

done. Otherwise, consider h(y) = T.C/(y)f'(a; y) G Sta such that v(h) =

(ar+x, jr+x); say in A = y^^7*\ Put g(x\ y) = \Zc,iy)f(x; y) g #. Then v(g) <

(ar+x,jr+x). If f(g)= (ar+1,jr+l), then (&+1,¿r+1) < (ar+1,yr+1). If v(g) <

(«,+ i. 7,+i). then either Kg) « U,r=1((a,., y,) + N") and (ß.+ 1, /cr+1) < («r+1, ¿+1),

or   p(g) g U,r=1((a,, _/,■) + N").  In  the latter case,   v(g) = (a¡ + y, j))  for some

i = 1_, r and some y g N". Then in g = ga+yJiix) ■ya¡+t>J>í where ga/+Yiy.(a) =

0 since v(g) < (ar+1, ;r+1) = Kg(a; •))• On the other hand, ing' = g'a.;j.ix) ■ya'J',

where g'a    ( a ) =7 0. Let

g'(x; y) = g'aiJl(x) ■ g(x; y) - ga¡+yJl(x) ■ yy ■ g'(x; y).

Then v(g'(a; ■)) = (ar+x, jr+x) and v(g) < v(g') < (o,+ 1, yr+1). The result follows

by induction.    D

Proof of Lemma 4.6. Let (/},., k¡), i = 1,..., t, denote the vertices of 31. For each

/', choose g' g 7% such that v(g') = (/?,-, /c,); write g'(x; JO = Sgá,y(x) ' v"*'7. Put

t

Y=ZU Ujiel:g¿„tjx) = 0¡.
í-i

Let «eJi-y. Then g'(a; y) g ®a and Kg'i«; •)) = (ß,- M- Thus 9Î c ica.

By Lemma 4.5, Dîa = 31.    □

Corollary 4.7. Let U be an open subset of K" and let Tfa &p be a coherent sheaf

of (7-modules, where 0 = 0^. Then:

(1) The diagram of initial exponents 3la = 3\(^a) is Zariski semicontinuous on U.

Thus, there is a locally finite filtration of U by closed analytic subsets, U = 20( ¡F) 3

2,(&) D  • • ■ , such that, for each k = 0,1,...,

(i) 9îa is constant, say 31 a = 31 k(&\ on ^k(-F) - 2k iX(.F);

(ii) 3lki7F) < 3lk+xi&).
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(2) Let k g N and let (a¡, j¡), i = l,...,s, denote the vertices of 3lk(&r). Yet f,

i = l,...,s, denote the standard basis of -Fa C K[[y]]p, where aeS^J)-

2A + 1(JO and mf=y"-K Write f(y) = E/¿,(a)>>«•'. Then:

(i) There exist p-tuples of analytic functions f defined in a neighborhood of

2A( J5") — ~£k + x(7F), whose power series expansions at each a G ~2k(^) — 2A + 1(J^)

are the f.

(ii) Eachfij<=J(C2k(Sry,-2k+1(&)).

Proof. (1) is a special case of Theorem 4.4 (cf. Example 4.3(1)). For (2)(i): Each

f converges, by Corollary 3.4(2). For b in a sufficiently small neighborhood of a in

2,(^) - 2, + 1(J0, fa(b -a+y)^&„. Now,

supp( fa(b- a+y)-ya^)n 31 b= 0,

since 31 a = 31 h and supp(/J(y) - ya"J>) n 31 a = 0. Hence in f(b - a + y) = ya>-J'

and, by the uniqueness of formal division (Theorem 3.1), fib - a + y) = f/,(y).

Finally, since Corollary 4.7 in the real case follows from the complex case, (2)(ii)

follows from Remark 3.2 and Lemma 4.2.    D

5. The invariant diagram of initial exponents. Let K = R or C. Let  R be a

submodule of K[[>']]/', y = y(yx,-■-, y,,)- The diagram of initial exponents 3l(R)

depends on the affine coordinate system (yx,..., yn). However, there is an invariant

diagram &(R) (cf. [9,11]):

Suppose A = Xiy) is a formal coordinate transformation. If /g K[[_y]];\ write

fX(y)=f(My))- Put Rx = {/\ /GÄ}. Then Rx is a submodule of K[[y]]p.

Clearly, 31 (Rx) depends only on the linear part of A, so to study the effect of

coordinate changes on 31 (R), we can assume that A G GL(n, K).

We view GL(n, K) as a subset of the space M(n,K) = K" of n X n matrices with

entries in K. Of course, K"" — GL(n,K) is a closed algebraic subset of K" . For any

A g M(n, K), let Rx denote the submodule of K[[y]]p generated by {/À: / e R} (cf.

Example 4.3(2)). The following is a special case of Theorem 4.4:

Proposition 5.1. Let R be a submodule of K[[y]]p. Then 3l(Rx) is Zariski

semicontinuous on M(n, K).

The proof of Theorem 4.4 shows, in fact, that 31 (Rx) is upper semicontinuous in

the (algebraic) Zariski topology of M(n,K). In particular, there are only finitely

many distinct 3l(Rx), for A G M(n,K).

We define the invariant diagram of initial exponents (&(R) as minx9î(i?x). Then

(AgM(«,K): 3l(Rx) = ®(R)} is a Zariski open subset. Obviously, <3(R) =

m\n^G[AnK)3l(Rx).

Proposition 5.2. Let U be an open subset of K" and let ^cz 0P be a coherent

sheaf of 0-modules, where 0 = 0U. Then %a = ®(i^) is Zariski semicontinuous on

U.
We can prove this in the more general context of Theorem 4.4:

Theorem 5.3. Let X, Z, /', @a, etc. be as in Theorem 4.4. For each a e X - Z,

put «(/ = %(®a). Then

(1) For any compact subset K of X, there are only finitely many distinct %a,

a G K n(X - Z).
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(2) For each a0 G X - Z, Z U (a G X - Z: %a> (&aJ is a closed analytic

subset of X.

Proof. If a g X - Z and A g M(n, K), then Stx is generated by the f\a; X ■ y),

i = 1.q. Clearly, each f(x; X ■ y) el(IX K"2; Z X K"2)[[y]]p. Let AT be a

compact subset of X and let L be a compact neighborhood of 0 in K" . By Theorem

4.4(1), there are only finitely many distinct 3l(9lx), for (a. A) g (K X L) n ((X -

Z) X K" ). But, for each a, ©a = minx<BL3l(&x). Therefore, there are only finitely

many distinct ©a, for a e K n (X - Z).

Suppose a0 g X - Z. By Theorem 4.4(2), Y = (Z X K"2) U {(a, X) G (X - Z)

x K":: 3l(@x) t> ®ao} is a closed analytic subset of X X K"2. For each A g K"2,

Yx= {a G A-: (a, A) g Y) is a closed analytic subset of X. Clearly, Z U [a   G

x-z: ©a>©ao} = n,e^yx. D
Remark 5.4. The invariant diagram is interesting in a much broader context than

that of Theorem 5.3. In [3], we consider the diagram of initial exponents in the

following general setting: Let X and Y be analytic spaces over K, and let <¡> : X -> Y

be a morphism. Let <j>*: 0Y —> 0X denote the induced homomorphism of the

structure sheaves. Suppose that ,F and <§ are coherent 6x- and 0r-modules,

respectively, and that <fr: 'S -* 7F is a module homomorphism over the ring homo-

morphism 4>*. Let a g X. Then <f>* determines a homomorphism of local rings 4>*:

@y.$(u) ~* ®x,a and ^ determines a module homomorphism 4^: ^,(a) -* ^ over 4>*.

Yet Sr~u: &Q(a) -* -^ denote the induced homomorphism of the completions.

Let ^a denote the "module of formal relations" 0ta = Ker^. To study the

variation of 777la with respect to a, we reduce to the case that Y is smooth and

(7? = 6%. Then we can consider the diagram 3\u = 3l(7%a) relative to a local

coordinate system (yx,..., yn) for Y, or the diagram @a = ®(^a) invariantly.

Suppose that ïïca (relative to local coordinates for Y) is Zariski semicontinuous as

a function of a e I Then there is a locally finite filtration of X by closed analytic

subsets. A" = 20 d Sj d - • • , such that, for all k = 0,1,..., (1) 9îa is constant, say

5Ra = ícA„ on 2* - 2A + 1, and (2) 3lk < 3lk + x. Yet k G N and let g'a, i=l,...,t,

denote the standard basis of 3%a c !£[[>>]]'', where a g 2a - 2A + 1. Write g'a(y) =

¿2ßjg'ßj(a)yß'7 Then each g'ßj &J7(1k; 2A + 1) [3, Theorem B]. It follows from

Theorem 5.3 that @a is Zariski semicontinuous on X.

In [3], we prove that 31 a is Zariski semicontinuous in many cases; for example, in

the algebraic category. Therefore, ®a is also Zariski semicontinuous. The standard

bases arising, as above, from 31 a in the algebraic category need not be algebraic.

Nevertheless, the standard bases arising from the invariant diagram @a always are,

by a Henselian version of the formal division theorem [13, §4]. As a consequence, for

example, we recover in a very explicit way the stratification of semialgebraic sets by

Nash functions [18, 23].

6. 'if00 division on a closed set. Let K = R or C. Let U be an open subset of K",

and let (éx(U) denote the Fréchet algebra of K-valued (7!x functions on U, with the

'tp00   topology. Let ( yx,..., yn) denote the affine coordinates of K". If K = R, set



332 EDWARD BIERSTONE AND P. D. MILMAN

m = n and (xx_,xm) = (yx,...,yn). If K = C, put m = 2n and (xx.xm) =

iyx,...,y„, yx,...,yn). Then, for each a g U, there is a Taylor series homomor-

phism / -» fa of <<7X(U)P onto (<?■)', where 0« = K[[x1;..., xm]]. Of course, 0a is

a subring of 0 R.

Let F be a locally closed subset of K" and let Z be a closed subset of Y (where Y

has the induced topology). Let V be any open subset of K" such that Y is closed in

V. Then Z is closed in V. Put S(V; Z)= {g g <€x(V): ga = 0, for all a g Z}. Let

<?(F; Z) denote the Fréchet algebra S(V; Z)/ê(V; Y). (The definition is indepen-

dent of V.) By Whitney's extension theorem [17, 1.4.1], S(Y; Z) identifies with the

Fréchet algebra of K-valued (&x Whitney "functions" on Y which are flat on Z. If

Y' is a closed subset of F, there is a restriction mapping F1-» F | Y' from <f (F; Z)p

onto <f(F'; Z n Y')p. Put ^(F) = «?(F; 0). If a g F, then <f({a}) = Of, and we

write F >-> Fa for the restriction cf(Y)p -» (&f)p (Taylor series homomorphism).

Put /(F) = n„ey0aR. There is a canonical inclusion S(Y) ^-> J(Y) given by

G -» (Ga)aGy Of course, ê(V)= <€x(V)if V is an open subset of K".

We will use the following three lemmas in the proof of Theorem 1.5. Let U be an

open subset of K".

Lemma 6.1 ("Hestenes's lemma for analytic sets"). Let Z c Y be closed

subsets of U, where Y is analytic. Let F g J(Y), say F = (Fa), where Fa(x) =

£«eN"'/a(a)-*a G ¿tR< a&Y. Suppose that F \(Y - Z) G ê(Y - Z) and that each

fa is continuous on Y and zero on Z. Then F G S (Y).

This can be proved (in fact, for Y merely subanalytic) as in [2, Corollary 8.2] or by

a direct estimate using the following regularity condition of Whitney: Let K be a

compact subset of Y. Then there exist c, r > 0 such that any 2 points a, b of K can

be joined by a rectifiable arc y in F of length < c ■ \a - b\r.

Lemma 6.2. Let ZX,...,Zr be closed subsets ofUsuchthat, for each j = l,...,r— 1,

Z, n • • • C\Z} and ZJ+1 are regularly situated. Put Z = \)r] = xZr If F G S(U; Z),

then there exist F, G S (U; Zf) j = l,...,r, such that F = EF}.

Proof. By Lojasiewicz's gluing theorem [17,1.5.5], there exists Fr g S(U; Zr) such

that Fr=F on ZXC\ ■ ■ ■ C\Zr_x. Then F = (F - Fr) + Fr, where F - Fr g

«?(£/; Zxn ■ ■■ C\Zr_x). Proceed inductively.   D

Lemma 6.3. Let Z c Y be closed analytic subsets of U. Let <f> g J((Y; Z) and let f

be the restriction to Y of a (SX function which is flat on Z. Then 4> ■ f extends in a

unique way to a function on Y (also denoted <j> • f) which is the restriction of a (ë'x

function flat on Z.

Proof.  By Lemma 4.1, we can assume there are analytic functions £„  7];,

/ = 1.r, on U such that F n d'=x tj:'(0) c Z and, for each i, (¡> ■ t/, = £, on

Y - Z. Put P,■ = Z U i)-¡x(0), i = 1.r, and P = ClP¡, so that P n Y = Z. We

can extend / to F g S(U; P). By Lemma 6.2, F = E, F), where each F¡ G (?({/; F,).

Set </>,- = 1,/t),, /' = 1,..., r; then each <£, g J7(G; Pf). It follows from Lojasiewicz's

inequality [22, IV.4.1] that each </>,- ■ F¡ extends in a unique way to an element of

S(U; P,). Clearly, E«i>,- • F¡ restricts to <f> ■ f.   D
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Let U be an open subset of K" and let 0 = 0^,. Let A denote a p X q matrix with

entries in 0(/7), and let 7F denote the sheaf of submodules of Gp generated by the

columns (f)1,..., <¡>q of A. By Proposition 5.2, there is a locally finite filtration of U

by closed analytic subsets, U = 20( J5") 3 2X( J5") D • • •, such that, for each k =

0,1.

(i) ®a = ©(#„) is constant, say ©a = <&k{&\ on 2A( j* ) - St+1(^);

(ü) ©*(#■)< ®A+1(^).

Theorem 6.4. Lei X be a closed subset of U. If 2A(J<r) and X are regularly

situated, for all k G N, /Aen

Proof. It is enough to prove that, for each k = 0,1,...,

A ■ <?(2A n Ä-; 2A + 1 nx)"=(A- <?(Zk n X; 2A + 1 n *)«)A,

where 2A = 2a(jF). Fix /c. Let F g (A ■ S(^k n A; 2A + 1 n Ar)<?) A. Since 2A + 1

and X are regularly situated, there exists F' g ê(^2,k; 2A + 1)P such that F' |2A n A
= F.

Since ^(J^,*) is Zariski semicontinuous on U X GL(n,K) (by Theorem 4.4), we

can assume (working locally in U) that there exist A, g GL(n,K) and closed

analytic sets Y¡, 2A + 1 c Yt c 2A, j = 1,..., r, such that fl F, = 2A + 1 and 9i(^x')

= @(#a), for all a G 2A - F„ / = 1,..., r.

There exists /x g <rf(2A; 2A + 1) such that ju > 0 on 2A - 2A + 1 and F' — p, • F",

where F" eé'C2,k;2,k + x)p [22, V.2.4]. Clearly, F"|2An X G (A ■ S(1k n *)«)A-

By Lemma 6.2, there exist jti, G S(2¿; F,), í = 1,..., r, such that ju = Efi;.

Suppose that, for each i = 1,..., r, there exists G¡ g S(2A; Yt)q such that jit, • F"

= /l • G,on2AnXThenG = EG,Gri,(2A;2A + 1)"andF = yi • G|2An X. Hence

it is enough to prove the following proposition.

Proposition 6.5. Let Y c 2 be closed analytic subsets of U such that 31 a = 3l(&a)

is constant on 2 - F. Let F g cf(2; F)'. // F12 n X g (A ■ «?(2 n A)")A, ¿«en

r/zere érjcwtó G g SÇ2.; Y)q such that F\Z D X = A ■ G\I. n X.

Let 77: Nm X {!,..., p} -> N" X {1,...,/?} denote the projection 77(0,7') =

(a,,...,a„,7), where (a, y) G Nm X {1,..., p), a = (a,,. ..,am). If 9? e^(n,/>),

put 9ÎR = 77_1(9Î); clearly, 9ÎR g 7¡>im,p). If a g í/, then the 0a-homomorphism

4^ $? _, #> induces an 0R-homomorphism Â*: (0R)? -» (0*)*; clearly,

?c(ImiR)=9cR.

Proof of Proposition 6.5. Write 31 = 31 a, a g 2 - F. By Theorem 3.1, for all

a g 2 - F, there exists a unique Ra^i@*)p such that suppflu n 9cR = 0 and

Fa - Ra e Im iR. In particular, Ra = Oif a <= (2 - F) n X. If a e 7, put /?a = 0.

We will prove the following two lemmas:

Lemma 6.6. R = (Ku)a62 g t?(2; F)'.

Lemma 6.7. A ■ <f(2; F)? = (A • <í(2; F)«) A.
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Once we have Lemma 6.6, it follows from Lemma 6.7 that there exists G g

<f (2; F)" such that F = A ■ G + R. Since R | 2 n X = 0, this completes the proof of

Proposition 6.5.    D

Lemma 6.7 is, of course, a special case of Malgrange's division theorem [17,

Chapter VI]; in fact, it is equivalent to Malgrange's theorem, by Corollary 4.7. But

we will give a simple explicit proof using the same techniques we use to prove

Lemma 6.6 (cf. [3, §10]).

Proof of Lemma 6.6. Let (a¡, j¡), /' = 1_,s, denote the vertices of  31. If

a G 2 - F, let 0j(y), i = 1,..., s, denote the standard basis of J^,. Write 6¡a(y) =

^ajL,j(a)ya'J. By Corollary 4.7:

(l)Each^w. g^(2;F).

(2) There are analytic functions 0' defined in a neighborhood of 2 - F whose

power series expansions at each a g 2 — F are the 0'a.

We identify N" with N" X {0} c N'". Then 9cR = 31 + Nm and (a,, j,), i =

1,...,5, are also the vertices of SJ?R. Let {A,, A} denote the decomposition of

Nm X (1,..., p} determined by the (a¡, j¡), as in §3.

Let a g 2 - F. By Theorem 3.1, there exist unique Gia g 0r, i = l,...,s, such

that (a,, j¡) 4- suppG¿ a c A, and

S

(6.8) Fa = £ G„a • 01 + Ra.
i=i

If a g F, put G, ü = 0, i = 1,.. ., s. For each a G 2, write G¡ a(x) =

£«€=N'»8i.a(a)xa, i = l,...,s, and Ra = Ea,/a.,.(a)x"J.

By Lemma 6.3, Remark 3.2 and (1) above, each g¡ a and r is the restriction to 2

of a (€x function which is flat on F. From Lemma 6.1, we can conclude that each

G,Gtf(2;F) and R<=é'(2;Y)p, provided we show that each G,|(2- F) g

ef(2 - F) and R |(2 - F) G cf(2 - F)*.

These assertions are local in 2. Therefore, after perhaps shrinking U, we can

assume there is a finite filtration of 2 by closed analytic subsets, 2 = 20 z> 2X z>

• • •  d 2„+ [ = F, such that, for all p = 0,..., v, 2^ — 2M+1 is smooth. By Lemma

6.1, it is enough to show that, for all ¡i = 0,..., v, each G,-|(2   - 2^+,) g ^(2^ -

2M+1) and R |(2„ - 2,+1) g ¿"(2,, - 2„+1)'.

Extend F to / G <í(í/; F^. Since / is "ë700 and the 0' are analytic, then, regarding

both a and jc as variables, we have

(69) a/a(*) _ a/a(*)    9^(x) _ agj(x)

^   '  ' 3a; dXj    '        daj dxj

j = 1.m ("Taylor expansion commutes with formal differentiation"). If A =

(A[.A„,) g Rm = K", write DXa = LXfl/da/, DXa is the directional derivative

with respect to the a variables in the direction A. Let a G 2^ - 2^+1 and suppose

that DXa is tangent to 2M - 2^+1 at a. Then the DXaGia(x) and DXaRa(x) are

well defined. By (6.8) and (6.9),

t (Dx.fi,.a - DXxGia) ■ 6- + DXaRa - DXxRa = 0.
1 = 1
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For each i, (a¡, j¡) + supp(DXaG¡a - DXxGiu) g A,, and supp(Z)AiaRfl - DXxRJ

c A (where supp is with respect to x). Therefore, by the uniqueness in Theorem 3.1,

(6.10) DXlJRa = DXxRa

and, for all / = 1,..., s, Dx ßia = DXxGia. These equations imply that R 1(2^ -

2„ + 1) g «f(2„ - 2„+1)' and each G,|(2„'- 2M+1) g *(2, - 2ß+x). Here is the

argument for R: Choose local coordinates (u, v) = (ux,...,uk, vx,...,vm_k) near

a g 2M - 2 +, such that 2^ - 2M+1 is given by u = 0. Write Ra as

*«(«.»)-       E E   '■«,/8.y(û)^I-    • V-

7=1.P

Then (6.10) implies that E„ra ß j(a)ua/a\ is the formal Taylor series at a of r0ßj. It

follows from E. Borel's lemma [22, IV.3.5] that ^1(2^ - 2„+1) g SÇZ^ - 2J+X)'.

D

Proof of Lemma 6.7. We continue to use the notation in the proofs of Proposi-

tion 6.5 and Lemma 6.6. The assertion is local in 2. Therefore, after perhaps

shrinking U, we can assume there is a finite filtration of 2 by closed analytic

subsets, 2 = 20 d 2j d • • • 3 2„+1 = F, such that, for all p = 0,..., v.

(1) For each i = l,...,s, there exists \jj' g 0(2/J[[y]]p such that t// is a linear

combination with coefficients in 0(2M)[ v] of (the elements induced by) the columns

<f>> of A and v(^(a; ■)) = (a,, j)), for all a G 2^ - 2M + 1 (cf. Example 4.3(1) and

Lemma 4.6).

Let á? denote the subsheaf of 0* of (germs of) relations among the §J; i.e.,

a-tuples of germs of analytic functions (px, ...,p) at points of U such that

Ey_i p¡ • <}>' = 0. Then 7Î71 is coherent, so that 3l(5?a) is Zariski semicontinuous on

U. Therefore, we can also assume:

(2) 3t(âa) is constant, say 3l(âa) = 31^571), on 2^ - 2„+l.

(3) Let ißi.ki), i = l,...,t, denote the vertices of 31^3). Then, for each

i = 1,..., t, there exists a' in the submodule of 0(2^)[[/]]* induced by Si(U) such

that v(o'(a; ■)) = (ft, *,), for all a G 2M - 2B+1.

By induction, it suffices to show that, for each ¡i = 0,..., v, A ■ Si^^; 2;1+1)'/ =

(A -/(S^S^)')*-

Suppose F g (A ■ ̂ (2^; 2/J+1)'/)A. As in the proof of Lemma 6.6, there exist

G, g /(2,; 2A+1), / = 1,.. -, 5, such that F„ = E^G,,,, • 0'a, for all a g 2M - 2,+1.

We will show that, for each i = 1,..., s and all a g 2^ — 2M+,,

(6.11) Mt-íí.
Ar = l

where, for each / and k:

(i) There is an analytic function tj'a defined in a neighborhood of 2 — 2 +1,

whose power series expansion at each a g 2^ — 2 +1 is r\'k a.

(ii) The coefficients t]'akia) of i)'k a(y) = H7ar\'aJ<(a)ya extend to 2^ as quotients

of analytic functions whose denominators vanish nowhere in 2   — 2 +1.
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Then, for each k = l,...,a, we put Hka = E,7j'A a ■ Gia if a G 2^ - 2 +1, and

//A „ = 0 if a g 2M+1. By Lemma 6.3 (or directly from Lojasiewiczs's inequality),

each Hk = (Hka)u^^ G ^(2^; 2^), and we have F = A ■ H, where H =

(Hx_, Hq), as required.

To obtain (6.11): For each i = 1,..., s, put \p'a(y) = \p'(a; y) and write ip'aiy) =

Eajip'a ¡(a)ya'7 We first express each 0'a(y) in terms of the ^^(y), using Theorem

3.1, then \p'a(y) in terms of the $k(y) = <j>k(a + y), by (1) above, to get 0^(y) =

U=i£k,aiy) ' ti(y\ where each &a g 0a and the coefficients £,A(a) of Vka(y) =

Y.a£'a k(a)v" are quotients of analytic functions by products of powers of the

Put £a = (£[a,..., Í'qtU), i = 1,..., s. By Theorem 3.1 and Remark 3.3, there exist

unique r¡'a g 0«, i = 1,..., 5, such that each ¿a - T/a g ^>a and suppr/'a n 9c/i(^1) =

0 . Write ij'a = (T,'la,..., iqa) and rfkJy) = Lar]iakia)ya, k = l,...,q.U follows

from (3) above that each coefficient r\'akia) extends to 2M as a quotient of an

analytic function by a product of powers of the ip'a ,(a) and the Og' A (a) (where

a'(a; y) = Lß kaß k(a)yß,k). This gives (6.11), where the ifk a satisfy (ii).

To get (i): For b in some neighborhood of a in 2M - 2^, 0'h(y) = 0'a(b - a + y)

and <f>*,(y) = <í>a(¿> - o + y). From (6.11) it follows that

L {v'k.dy) - ïkjb - a + y)) ■ 4>kh(y) = 0,
k

/ = 1_,s. Since supp(tj¿(y) - in'a(b - a + >')) n ^t^.^) = 0, then each t/'a a(_y)

= v'k a(b — a + Y)- °y me uniqueness in Theorem 3.1, as required.    D

7. Examples. The regular situation hypotheses of Theorem 6.4 seem about as good

as can be expected for arbitrary closed sets X. But one might ask whether weaker

hypotheses suffice when X is the closure of a domain with ^x boundary.

In each of the following examples, <j> is an analytic function which generates the

sheaf J = Jz of germs of analytic functions vanishing of the zero set 2 of <j>, and

we consider the ideal in S(X) generated by <j>. In the first five examples,

X= [(t,x,y)e R3:x>e"1/'2},

and it is easy to check that 2,(./) = 2, 22(./) = Sing 2 (the singular set of 2) and

23(>)= 0.

(1) Let <j>(t, x, y) = x3 + y2. Then 2 is not regularly situated with respect to X.

The function e_1/'2 belongs to (<i> • «?(*))A, but not to <i> • £(X) because, on the

curve {y = 0, x = e"1/r}, e~1/r/(x3 4- y2) = x/x3 is not even continuous.

(2) Let <f>(t, x, y) = x3 - y2. Then 2 is regularly situated with respect to X, but

Sing2 is not. Nevertheless, $ ■ é'(X) = (<^ • <f(X))A: Let f(t,x,y) g (<f> ■ S(X)) A.

Consider the "second divided difference" V 2f(t, x, y; yx, y2) G S(X X R2) defined

by the identity,

ft           \      a.           x  , f(7x,y2) -fjt,x,yx)
f(t,x,y)=f(t,x,yx) +-——-(y-yx)

yi   Fi

+ V2f(t,x,y;yx,y2) •(>> -yx)iy -y2).
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Substitute yx = x3/1 and y2 = -x3/1 in this identity to get fit, x, y) = (y2 - x3) •

V2f(t,x,y;x3/1, -x3/2). Since v2/ is symmetric with respect to iyx, y2), V2/ =

g(t, x, y; yx + y2, yxy2), where g g ê(X X R2). Therefore, f(t, x, y) = (y2 - x3) ■

g(t.x,y;0,-x3).

(3) Let 4>(t, x, y) = y3 - x2. Then 2 is regularly situated with respect to X, but

Sing 2 is not. Again, <j> • S( X) = (<f> • ê(X))A: Let tr(t, x, v) = (/, x, v2). Then

^o,r = (o3 - x)iv3 + jc)and 77"1(A') = [x > e~1/r~}. If f(t,x, y) g (<¡> ■ S(X))A,

then fit, x, v2) = (v3 - jc)(i>3 4- x) ■ hit,x,v), where h g cf(77"1(Ar)), since each of

v3 — x and v3 + x has gradient nowhere zero and zero set regularly situated with

respect to ir~liX). But h is even in v, so that h(t,x,v) = g(t,x,v2), where

g g ef(X); clearly,/ = 4> ' 8-

(4) Let (p(t, x, y) = y3 - x4. Then 2 is regularly situated with respect to X, but

Sing2 is not. Again, <p ■ S(X) = (<f> ■ $iX))A since, after substituting y = v2,

y3 - xA factors as vb - x4 = (v3 - x2)(v3 + x2) and the argument of (3) applies to

each factor.

(5) Let 4>(t, x, y) = y3 - x5. Then 2 is regularly situated with respect to X, but

Sing2 is not. We do not know whether <f> ■ S(X) = (<j> • S(X)) A! (See footnote 2.)

(6) Define JícR4byJÍ= {(s, t,x,y):t> e~x/f~}. Let <j>is, t, x, y) = y3 - tx2.

Then 2,(./) = 2, 22(J^)= Sing2 = [x =y = 0} and 23(./) = [t = x = y = 0);

2^./) and 22(Ji) are regularly situated with respect to X, but 23(./) is not.

Nevertheless, $ • <%(X) = ($ • S(X))A: the argument is similar to (3), taking 77 to

be the blowing up of R4 with center (x = y = 0).

8. Division in stfx(Q,). We use the notation of the introduction. Let Ü be a

domain with (7!x boundary in C", and let A be a p X q matrix with entries in

0(fi).

Lemma 8.1. (A ■ j/x(Q)q) A= ss7x(ti)p n (A ■ '€x(Q,)q)A.

Proof. This is clear from the definitions in the introduction, since if 73 is a /? X a

matrix with entries in C[[z]] = C[[z,, . . . , zj], then B ■ C[[z)]q = C[[z]]q n

B ■ C[[z,z]]q.    D

Since (A ■ ̂ 0C(S2)*)A is a closed subspace of (êx(Û,)p containing A ■ ̂ °°(ß)«,

(A • j^0O(ñ)'7)A is a closed subspace of j/00(ß)'' which contains^ ■jtfx(ti)q.

Let U be an open neighborhood of Yl in which the entries of A are holomorphic.

Let 0 = &u and let J^g (7)p denote the sheaf of 0-modules generated by the

columns of A. By Proposition 5.2, the invariant diagram %a = ©(JFJ is Zariski

semicontinuous on U; i.e., there is a locally finite filtration of U by closed analytic

subsets, U = 20(&) D 2,(7F) D • • • , such that, for each k = 0,1,...,

(i) ©a is constant, say %a = %k(.F), on 2A(&) - 2A + 1( J^);

(ii) ©,(JF) < @A + 1(^-).

Theorem 8.2. Suppose that Í2 « a pseudoconvex domain with c€x boundary. If

1,ki.F) and ß are regularly situated, for all k G N, then

A ■stx(Yl)q = (A ■s/x(ü)íl)A;

in particular, A • sfx(Q)q is a closed subspace ofsfx(ti)p.
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Corollary 8.3. // ti is a pseudoconvex domain with real analytic boundary, then

A -s47x(ti)q = (A ■<rfx(ti)q)A.

In the case that ti is bounded, Theorem 8.2 is an immediate consequence of

Theorem 6.4 and the following proposition.

Proposition 8.4. // ti is a bounded pseudoconvex domain with c€x boundary in

C", then

A ■s/x(ti)q =jtfx(ti)p C\A ■ ̂ x(ti)".

We give a short (standard) proof of this below, using Kohn's theorem on global

regularity in the 8-Neumann problem [14; 15, §IV] (cf. [20]). Theorem 8.2, in

general, is a consequence of Theorem 6.4 and the following proposition of Gay-

Sebbar [10, Proposition 5.14].

Proposition 8.5. // ti is a pseudoconvex domain with t?°°  boundary in C", and

A ■ <ëxiti)q = (A ■ (gx(ti)q)A, then A ■ s?x(ti)q = s/x(ti)p D A ■ ctgx(ti)q.

To prove Proposition 8.4, we use two well-known lemmas:

Lemma 8.6. Let U and V be open subsets of C" such that V is relatively compact and

V c U.  Let f\_f G 0(U)P. Then the subsheaf of (9qv of relations among the

f ' \V is generated by finitely many global sections g' g 6(U)q.

Proof. Let U* denote the envelope of holomorphy of U [12, I.G]. Then each fJ

extends to f g &(U*)p. Let á? c (9qv, denote the sheaf of relations among the f;

7% is coherent, by Oka's theorem [12, IV.C.l]. Since V is compact, it follows from

Cartan's Theorem A [12, VIII.A.13] that there exist finitely many global sections g'

of !% which generate 7fta, for all a g V.    □

Lemma 8.7 (cf. [19, Lemma 5.7]). Let K = R or C. Let U be an open subset of K"

and let /'.f G G(U)P. Suppose that the sheaf of relations among f,..., f is

generated by finitely many global sections g' G ö(U)q. Let X be a closed subset of U,

and let p: S(X)q -> S(X)P denote the homomorphism p(H) = T.q.= xHJ ■ fj, where

H = (Hx.Hq)<E(f(X)q. Then Kerju is generated by the g'.

Proof. Let H = (Hx,...,Hq) G Ker/x. Choose h = ihx,..., hq) g é(U)q such

that h\X = H. Then $ = T,Jhj ■ /' g S (G; X)p. By [22, V.2.4], we can factor 0 as

í> = i// ■ $', where $' G S(U; X)p, $ G S(U; X) and ^ > 0 on U - X. Clearly, $'

formally belongs to the submodule of S (U)p generated by/1,... ,f. Therefore, by

Malgrange's theorem, $' = Ljh'j ■ fJ, where each h'j g é(U). Now, 0 = $ - \p ■ $'

= E,(/i,7 — i/< ■ h'j) -fJ.  Again  by  Malgrange's  theorem,   h - ^ ■ h',  where  h'=

( h\.h' ), is in the submodule of S(U)q generated by the g'. Since \p g <?(£/; X),

then H = h \ X is in the submodule of S(X)q generated by the g'.   D

Proof of Proposition 8.4. Let fx,...,f denote the columns of A; the /' are

holomorphic in some neighborhood of ti. By Lemma 8.6, there is an open neighbor-

hood U of ti in C", and an exact sequence of sheaves,

y-,,-1 i*2        Mi
0«?„+.    -^    (TI1„   -,     ...     -H>   012  -►  011   ->  &P
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where 6=0U, qx = q, px is induced by the homomorphism pxigx,..., gq) =

E, g¡ ■ f on global sections, and, for each / = 1,2,..., Kerti, is generated by global

sections   fj,    i= 1, .. ., qJ + x,   and   pJ+x    is   induced   by   the   homomorphism

Hj+ i(8v ■ ■ ■. g,/+1) = £i 8t ' fj on g^b»1 sections.

For each fc = 0,...,«, let ê°-k(Q) denote the Fréchet space of <<gx (0, /c)-forms

on S2. Then cfOÜ(ß) = cf(ti) = t>x(ti). The exact sequence above induces a com-

mutative diagram:

0

1

sfx(ti)q-*'     ^'

1

<?0-0(ñ)<?-i   ^'

1 3

13

i°-"(B)««*'     -»
1
o

All rows except the first are exact, by Lemma 8.7. Each column is a direct sum of

finitely many copies of the 3-sequence,

o -»-^»(o) -» «f0-0(ß) -i <?oa(ß) -i ■ • • -i tf°-"(ñ) -* o,

where 8 is determined by the formula

d(g(z,z)dzit A   ■■•  Adzu)=   ¿ Uf I'd?, A d^ A   •••  Ad2v

The 3-sequence, and hence each column, is exact by the theorem of Kohn [14; 15,

§IV]. A long diagram chase then shows that s/x(Q)p n ix1(cf00(n)<?1) =

pxis/xiti)'>>), as required.    D

9. Continuous linear division operators. Let ti be a domain with #00 boundary in

C", and let A be a p X q matrix with entries in 0(S2). Suppose that A ■ s?xiti)q is

a closed subspace of s/x(ti)p. Consider the exact sequence of Fréchet spaces,

0 -> KerA ^ss7xiti)q -» A ■s/xiti)q -> 0.

Let s denote the space of rapidly decreasing sequences of real or complex numbers;

i.e., sequences x = (xy)/€EZ such that, for every k g N, \\x\\k = sup-|/|*|jc-| < oo.

With the seminorms || • ||A, s has the structure of a nuclear Fréchet space. The

Fourier transform induces an isomorphism (£xiSl) = s. By a theorem of Vogt and

Wagner [24, 25], the sequence above admits a continuous linear splitting provided

that A ■ s#xiti)q is a closed subspace of s and Ker/1 is a quotient space of s.

0 0                           0

J, ^                                                                                                                                    dy

s¡7xiti)q" ^  •••  ->    j/00^)'» ^     j^W

^o.o(q)0„ ^ ... _,   ^o,o(j2)?1 *    <r0-°(ñ)^

4, 9 .                                4-9                               4 9

¿«"(g)«. -» ... ->    /W(B)* -»    <7foa(ß)''

4 9 4 9                              -19

J, 9 4, 9                              4,9

<fO.»(ñ)''» ->...-*     «f°-"(ñ)91 ->      ef0-"(í2)''

4 4                          4
o 00
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Let M be a <€x manifold (with or without boundary). Then (€xiM) is a quotient

of s. If M is compact, then (SxiM) = s [4, Proposition 6.3].

Assume that ti is a bounded pseudoconvex domain with (€x boundary. There is

an open neighborhood U of ti such that:

(1) The columns /',..., f> of A extend to elements of 0iTJ)p.

(2) (By Lemma 8.6.) Let 0 = 6U and let 7ft c 0q be the sheaf of relations among

/'.f. Then there exist g1.gr g £?(t/) which generate 0ta, for all a G U.

Theorem 8.2 provides natural sufficient conditions under which A ■ ss7x(ti)q is a

closed subspace of stfx(ti)p, hence a closed subspace of (é>x(ti)p = s.

It follows from (2) above that YLerA = ((g1.gr) • ̂ "(ß))A, where (g1,..., g'')

denotes the submodule of &(U)P generated by the g'. By Proposition 8.4 and

Lemma 8.7,

Ker^l =(g\...,g').j/"(0);

hence Ker/1 is a quotient space of s#xiti)r.

On the other hand, s/x(ti) (and therefore s/x(ti)r) is a quotient space of s

under either of the following two conditions on ß:

(a) 3ß is "weakly regular" in the sense of Catlin [6]. Then the L2(ß)-orthogonal

projection of (êx(ti) onto jn7x(ti) is continuous [6], so that ss?x(ti) is a quotient of

(ëx(ti) = s.

(b) 3ß is connected and ß satisfies the conditions Z(l), Z(n - 2) and Z(n - 1)

of Folland and Kohn [8, p. 57]. Then, by [8, Theorem 5.3.2 and Corollary 5.4.13], the

restriction to 3ß embeds s/x(ti) as a closed subspace of '£x(dti), and the

L2(3ß)-orthogonal projection of '£x(dQ) onto s/x(ti) is continuous. Therefore,

s/x(ti) is a quotient of Vx(dti) = s.

Every bounded strictly pseudoconvex domain ß with (€x boundary is weakly

regular.

Let U be an open neighborhood of ß in which the columns f,...,fq of A are

holomorphic, and let 0 = 0V. Let ¡Fa 6p denote the sheaf of 0-modules generated

by /'.f*. We have proved:

Corollary 9.1. Lei ti be a bounded pseudoconvex domain with (ëx boundary,

satisfying either condition (a) or (b) above. If each 2A.(J^) is regularly situated with

respect to ti, then A ■ s/x(ti)q is a closed subspace of jrfx(ti)p, and the canonical

surjection s^x(ti)q -* A ■ s/x(ti)q admits a continuous linear splitting.

10. stfx functions vanishing on an analytic set. Let ß be a domain with c€x

boundary in C", and let A' be a closed analytic subset of an open neighborhood of

ß. Set

sfx(ti;X)= {ges/x(ti):g = 0on Xnß}.

Let Jx denote the sheaf of germs of holomorphic functions which vanish on X.

Suppose that Jx is generated by finitely many holomorphic functions /', — f in

a neighborhood U of ß. Clearly, s?x(ti; X) z> ((f\... ,fq)-sfx(ti))A. Theorem
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8.2 gives natural sufficient conditions under which

j/°°(ß; X) = (/\...,/") -sfx(ti),

provided that s*7x(ti; X) = ((f,. ..,/«) •j/cc(ß))A.

Remarks 10.1. (1) If g g s7x(ti; X), then, for all a g ß, ga g (f, ...,//)■ 0a;

only for a g 3ß may this condition fail.

(2) Let <€x(ti; X n ti) = [g g <r°°(ß): g = 0 on X n ß}. Suppose X nti =

XC\ti. Then ss?x(ti; X) = jtf°°(ti) n Vx(ti; X n ti). If j/°°(Ö; X) = (/) ■

¿z?x(ti), where (/) = (/',... ,/*), then it is easy to see that (/) • jtfx(ti) = jtfx(ti)

n (/-/)' <£x(ti), where /' denotes the conjugate of /'. On the other hand,

c€x(ti; X n ß) = (/,/) • #°°(ß) only if X n ß, with its underlying real structure, is

coherent [22, VI.4.2]; compare this with (1) above and the following theorem.

Theorem 10.2. Assume that, for each k = 0,1,..., the closure of (1k(Jx)-

2,+1W) n ß c0«ía//™ (2A(^) - 2k+l(Sx)) n ß. F/te«

^-(ß;Ar) = ((/1,...,/")-^-(ß))A.

Proof. Suppose g g jtfx(ti; X). Then, for all a g ß, ga<=(f¡,..., fq) ■ ia. We

have to show that, if a g 3ß, then ga G (/a,...,/a?) • 0a.

If a g ¿7, put 9îa = 9?(JV„) and ®a = @(./y,a). Let a0 g 3ß. Let /c G N such

that ~S,k(^x) = {a G U: &a > © }. After a linear coordinate change, we can

assume that 3la = ®a . Clearly, {a g 2A(JrA-): 9c u = 9c a } is a Zariski open

neighborhood of a() in 2A(Ji-v.). Since a0 G (2A(^'A-) — 2A+1(Jrx)) U ß, it follows

from the hypothesis that a0 belongs to the closure of {a g ß: 31 a = 31 a }.

Let a,-, / = 1.?, denote the vertices of 31,.. Let 5 = {a g í/:  9c „ = 9Í„ }
i til) *, í/ tÍQ   J

and, for each a g S, let ga(z) G 0a = C[[z]], i = 1,..., t, denote the standard basis

of JXa. Write g'a(z) = Ea6lsrg;(a)za. Then, by Corollary 3.4, each gu g Oa and

the functions g'a(a) are analytic on 5.

Suppose a g S n ß. By Theorem 3.1, there exist unique qia(z) G 0a, /' = 1,..., t,

and ra(z) G 0o such that a, 4- supp a, a c A,, i = 1,..., t, and suppra c A (where

the A,, A are as in §3), and

(10.3) |a(z)=   ¿ í,,.(z)g¿(z) + ra(z).
i = i

Write ra(z) = T.ara(a)za. Then each ra(a) is continuous on S (cf. Remark 3.2). By

(10.3), ga g j^ u = (f\..., /a«) ■ 0U if and only if each ra(a) = 0. Therefore, each

rn(a) = 0 for a g S n ß. Since a0e^nß and a0 G 5, it follows that g G

(fn,...,fl)-èan, as required.   D

Remark 10.4. The s¡?x extension problem. Let séx( X n ß) denote the holomor-

phic functions on A"nß which are restrictions of (€x functions on ß. It is

interesting to find natural sufficient conditions under which:

(1) the restriction homomorphism s/x(ti) ~* j¡/x(X D ti) is surjective, so there is

an exact sequence

0 -^s/x(ti; X) ^s<?x(ti) -^sí?x(X n ti) -> 0;
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(2) jz7x( X n ß) is a closed subspace of s.

For example, (1) and (2) hold if X is smooth and transverse to 3ß (cf. [1]).

Suppose  that   ß   satisfies either condition  (a)  or (b),  and  that   s?x(ti; X) =

(fl.fq) -jtfx(ti), as above. Then jzfx(ti; X) is a quotient of 5. If (1) and (2)

hold, then the exact sequence in (1) splits, by the theorem of Vogt and Wagner.
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